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ABSTRACT 
A d e t a i l e d  s tudy  w a s  conducted i n  o rde r  t o  develop r a t i o n a l  methods 
t o  p r e d i c t  s t r u c t u r a l  f a t i g u e  l i f e  of laminated expuls ion  b l adde r s .  The 
t e c h n i c a l  approach w a s  t o  f i r s t  compute p l a s t i c  s t r a i n s  i n  t y p i c a l  s i n g l e  
and double f o l d s  of b ladder  m a t e r i a l s ,  and then  r e l a t e  t h e s e  s t r a i n s  t o  
experimental  f a t i g u e  d a t a  i n  o rde r  t o  p r e d i c t  c y c l i c  opera t ing  l i f e  of 
t h e  b ladder .  A computer program, based upon t h e  " f i n i t e  element" method 
of continuum mechanics, was w r i t t e n  f o r  c a l c u l a t i n g  t h e  fo ld ing  s t r a i n s .  
The s i n g l e  f o l d  was s imulated by a  p l ane  s t r a i n  model, whereas t h e  
double f o l d  requi red  an axisymmetric model. The program inc ludes  many 
f e a t u r e s  which should f a c i l i t a t e  its u s e  by a b ladder  design engineer ,  
and output  i nc ludes  t h e  p r e d i c t i o n  of  f a t i g u e  l i f e  as w e l l  a s  a  d e t a i l e d  
p r i n t o u t  of s t r a i n s  and s t r e s s e s  i n  t h e  b ladder  model. The theory on 
which t h e  computer program i s  based d i f f e r s  from o t h e r s  which a l s o  a t t a c k  
h ighly  non l inea r  s t a t i c  s t r u c t u r a l  response i n  t h a t  t h e  p re sen t  theory 
al lows a check on s o l u t i o n  accuracy. This theory r ep re sen t s  a  s i g n i f i c a n t  
c o n t r i b u t i o n  t o  t h e  s ta te -of - the-ar t  i n  s o l i d  mechanics. 
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I. INTRODUCTION AND BACKGROUND 
The supply of l i q u i d  p rope l l an t s  t o  t h e  rocke t  engine is  one problem 
t h a t  arises i n  s p a c e c r a f t  design.  The p r o p e l l a n t s  must be  supp l i ed  i n  con- 
t r o l l e d  amounts, and they must be  f r e e  from gas o r  vapor bubbles ,  s i n c e  
bubbles can l e a d  t o  rough burning o r  f a i l u r e  of t h e  engine.  One method of 
supply ing  vapor-free p r o p e l l a n t s  i n  a  zero-gravi ty  environment is  t o  use 
some form of a  p o s i t i v e  expuls ion  device .  Although var ious  expuls ion  
devices  have been proposed, t h e  most s u c c e s s f u l  approach t o  d a t e  has  been 
t o  employ a f l e x i b l e  b l adde r  i n  each p r o p e l l a n t  tank.  By supplying gas 
p re s su re  t o  t h e  e x t e r i o r  of t h e  b l adde r ,  t h e  l i q u i d  p r o p e l l a n t  i s  forced  
ou t  of i t s  c o n t a i n e r  and de l ive red  t o  t h e  engine.  
The expuls ion  b l adde r s  must func t ion  proper ly  f o r  a  s u c c e s s f u l  f i r i n g  
of t h e  engine.  However, when t h e  p r o p e l l a n t  i s  expe l l ed ,  t he  b ladder  
develops f o l d s ,  c r e a s e s ,  and wr inkles  t h a t  can crack o r  t e a r  t h e  m a t e r i a l  
and thereby  r e s u l t  i n  a mechanical f a i l u r e  of t he  b l adde r .  I n  most ca se s ,  
a  b l adde r  does n o t  f a i l  t h e  f i r s t  t i m e  i t  i s  employed, b u t ,  t he  b ladder  i s  
sub jec t ed  t o  s e v e r a l  expuls ion  cyc les  (dur ing  ground opera t ions  and check- 
ou t  of t h e  s p a c e c r a f t ) ,  and i t  i s  then r equ i r ed  t o  perform i n  f l i g h t .  Thus 
-
a  major problem i n  t h e  des ign  of b ladders  i s  t o  avoid low cyc le  f a t i g u e  
f a i l u r e  of t h e  b l adde r  m a t e r i a l .  
One s o l u t i o n  t o  t h i s  f a t i g u e  problem i s  t o  make t h e  b l adde r  ou t  of a  
m a t e r i a l  such a s  rubber ,  which can wi ths tand  t h e  h igh  s t r a i n s  t h a t  occur  
dur ing  f o l d i n g  when t h e  p r o p e l l a n t  i s  expe l l ed .  Rubber-like b ladders  g ive  
rise t o  o t h e r  problems, however, s i n c e  they tend t o  have a  high permeabil- 
i t y  (gases  and l i q u i d s  d i f f u s e  through them), and they o f t e n  r e a c t  chemi- 
c a l l y  w i th  t h e  p r o p e l l a n t s .  
The problems of f a t i g u e  f a i l u r e s ,  pe rmeab i l i t y ,  and chemical compati- 
b i l i t y  have l e d  t o  t he  a p p l i c a t i o n  of composite m a t e r i a l s  f o r  b l adde r s .  
For example, a  composite, laminated b l adde r  may have o u t e r  l a y e r s  made of 
t e f l o n  o r  mylar ( t o  avoid r e a c t i o n  wi th  p r o p e l l a n t s )  and an i n n e r  l a y e r  of 
meta l  f o i l  (which provides  a  d i f f u s i o n  b a r r i e r ) .  Elastomer l a y e r s  may a l s o  
be  used, t o  provide t h e  composite w i th  g r e a t e r  f l e x i b i l i t y .  Na tu ra l l y ,  t h e  
ques t i on  which then arises i s  how t o  select t h e  m a t e r i a l s  and t h e  
th icknesses  of the  va r ious  lamina tes  to  o b t a i n  t h e  b e s t  o v e r a l l  b l adde r  
performance and maximum l i f e  expectancy. 
I n  response t o  t h e  problem of composite b l adde r  des ign ,  t he  o b j e c t i v e  
of t h i s  s tudy  i s  t o  conduct an a n a l y t i c a l  program f o r  improving t h e  per- 
formance, e f f i c i e n c y  , and ope ra t ing  l i f e  ( i .  e .  , r ecyc l ing  c a p a b i l i t y )  of 
t hese  p r o p e l l a n t  expuls ion  devices .  Experience i n d i c a t e s  t h a t  t h e  ma jo r i t y  
of b l adde r  f a i l u r e s  a r e  a s s o c i a t e d  wi th  reg ions  of h i g h  s t r a i n  t h a t  occur  
e i t h e r  when t h e  b ladder  f o l d s  and wr inkles  a s  t h e  p r o p e l l a n t  is expe l l ed  o r  
dur ing  v i b r a t i o n  when s lo sh ing  occurs .  Typica l  f o l d s  and c reases  t h a t  a  
b l adde r  undergoes a r e  i l l u s t r a t e d  i n  Figure 1-1; t h e  var ious  f o l d s  can be  
roughly c l a s s i f i e d  as : a )  s imple f o l d s ,  o r  b) double fo lds .  ,These f o l d s  
can occur  i n  va r ious  combinations, which r e s u l t  i n  three-corner  f o l d s ,  
c r eases ,  wr ink le s ,  and p o i n t s .  A p a r t i c u l a r l y  s eve re  f o l d  which f r e -  
quent ly  occurs  i s  t h e  t r a v e l i n g  c rease ,  o r  a  r o l l i n g  double f o l d .  Such 
t r a v e l i n g  f o l d s  motivated t h e  des ign  of t h e  J.P.L. c r e a s e  t e s t e r .  
To achieve  t h e  program o b j e c t i v e  (e .g . ,  t o  improve b ladder  performance 
and f a t i g u e  l i f e ) ,  t h e  p re sen t  s tudy  w i l l  be  devoted t o :  a )  ob ta in ing  t h e  
low-cycle f a t i g u e  l i f e  of b l adde r s  f a b r i c a t e d  from composite m a t e r i a l s ;  and 
b) ob ta in ing  a b e t t e r  understanding of t h e  p r i n c i p a l  parameters  t h a t  e f f e c t  
b ladder  l i f e  expectancy. To determine t h e  f a t i g u e  l i f e  o f  composite blad- 
de r s ,  an a n a l y s i s  of t h e  s t r a i n  i n  s imple and double f o l d s  f o r  composite 
b ladders  w i l l  b e  conducted. From those s t r a i n s ,  t h e  f a t i g u e  l i f e  of t he  
b l adde r  w i l l  b e  p red ic t ed .  
Since m a t e r i a l  p r o p e r t i e s ,  t h i cknesses ,  and f a b r i c a t i o n  techniques 
in t roduce  s t a t i s t i c a l  v a r i a t i o n s  i n t o  t h e  f a t i g u e  problem, i t  i s  recognized 
t h a t  t he  approach j u s t  o u t l i n e d  may e x h i b i t  a  l a r g e  va r i ance  about some 
es t imated  mean f a t i g u e  l i f e ,  However, i t  is  our  s t r o n g  convic t ion  t h a t  
such an approach - w i l l  c o r r e c t l y  por t ray  t h e  o rde r ing  of t he  l i f e  expectan- 
ties of t he  va r ious  composites;  t h a t  i s ,  t h e  a n a l y s i s  w i l l  i n d i c a t e  which 
-
arrangements of laminate  m a t e r i a l s  and th icknesses  r e s u l t  i n  maximum 
f a t i g u e  l i f e ,  Hence, i t  is  f e l t  t h a t  agreement between the  c a l c u l a t e d  per- 
formance and t h e  experimental  f a t i g u e  l i f e  of a c t u a l  b l adde r s  w i l l  d e f i -  
n i t e l y  be obta ined .  Thus, t he  a n a l y t i c a l  model w i l l  provide the  Propulsion 
Engineer w i th  a  r a t i o n a l  means of designing b ladders .  
a. Simple Fold 
h 
PRIMARY SIMPLE FOLD RADIUS 
b. Double Fold 
Figure 1-1. Simple and Double Folds 
1.1 Pro jec t  Plan 
During t h e  f i r s t  month of t h i s  p r o j e c t ,  a  p ro jec t  p lan  was formulated 
which defined various t a sks  and sub-tasks. This plan i s  shown i n  Table 1-1. 
Since the  p ro jec t  plan was c lose ly  followed during t h i s  contrac t ,  t h i s  f i n a l  
r epor t  w i l l  be organized according t o  t h e  tasks  given i n  Table 1-1. 
TABLE 1-1. P r o j e c t  Plan 
Tasks 
1.0 L i t e r a t u r e  Survey and Review 
Col lec t  d a t a  on m a t e r i a l  p r o p e r t i e s  and f a t i g u e  
l i f e  
2.0 Analysis  of Simple Folds 
2.1 Formulate and program an "n-layered" model 
2.2 Formulate and program a two-dimensional 
f i n i t e  element model 
2.3 Conduct experiments on s imple f o l d s  
2.4 Compare theory and experiment; 
Refine t h e  a n a l y s i s  
2.5 I n v e s t i g a t e  t h e  i n £  luence of t r a v e l i n g  
and r o l l i n g  
2.6 Est imate f a t i g u e  l i f e  of s imple  f o l d s  
3.0 Analysis  of Double Folds 
3 .1  Formulate and program an  axisymmetric 
f i n i t e  element model 
3.2 Conduct experiments on double f o l d s  
3.3 Compare theory and experiment; 
r e f i n e  t h e  a n a l y s i s  
3.4 I n v e s t i g a t e  t h e  in f luence  of t r a v e l i n g  
and r o l l i n g  
3.5 Est imate f a t i g u e  l i f e  of double f o l d s  
4.0 Computer Program 
Prepare  and document a computer program based 
upon t h e  f i n i t e  element model ( s )  . 
5.0 F i n a l  Report 
11. TASK 1.0: LITERATURE SURVEY AND REVIEW 
I n  t h i s  s e c t i o n ,  t he  fol lowing t h r e e  ques t ions  a r e  answered: 1 )  
What type  of bladder  f o l d i n g  f a t i g u e  t e s t  makes s e n s e ? ;  2) How can s i n g l e  
and double f o l d  f a t i g u e  t e s t s  be  r e l a t e d  t o  u n i a x i a l  t e s t  da t a? ;  3) What 
f a t i g u e  r e s u l t s  a r e  a v a i l a b l e  f o r  b ladder  m a t e r i a l s ?  Answers t o  t h e s e  
ques t ions  presented  he re  a r e  based upon s tudy  of t h e  c o l l e c t e d  l i t e r a t u r e  
t o  da t e .  It is p o s s i b l e  t h a t  f u r t h e r  i n v e s t i g a t i o n  of a d d i t i o n a l  r e f e rences  
could modify t h e s e  p o i n t s  of view. 
11.1 Fat igue  T e s t  Modes 
11.1.1 Repeated S t r a i n i n g  and Reversed S t r a i n i n g  
Since  t h e  ope ra t ion  l i f e  of a  b ladder  depends on t h e  low-cycle 
f a t i g u e  proper ty  of t h e  m a t e r i a l  and low-cycle f a t i g u e  behavior  i s  governed 
by t h e  p l a s t i c  s t r a i n  range of each cyc le ,  i t  is  only necessary  t o  cons ider  
whether it is  d e s i r a b l e  t o  conduct b l adde r  fo ld ing  f a t i g u e  t e s t s  as "repeated 
s t r a i n i n g "  t e s t s  o r  "reversed s t r a i n i n g "  t e s t s  . 
A s  a n  example of t h e  repeated s t r a i n i n g  test ,  Evans (Ref. 1 )  app l i ed  
repea ted  cons t an t  increments  of l o n g i t u d i n a l  t e n s i l e  s t r a i n s  (wi th  p l a s t i c  
s t r a i n s  ranging from zero t o  E ) t o  copper and mild s t e e l  w i r e s  and obta ined  
P 
t h e  r e s u l t s  (Ref. 2) 
where N = number of cyc l e s  t o  f a i l u r e  
E = f r a c t u r e  s t r a i n  f  
&P 
= p l a s t i c  s t r a i n  
A s  a n  example of t h e  reversed s t r a i n i n g  test ,  Coff in  and T a v e r n e l l i  
(Ref. 3) app l i ed  c y c l i c  s t r a i n s  between maximum t e n s i l e  s t r a i n  of +E 12 
P 
and maximum compressive s t r a i n  of -E / 2  t o  t h e i r  me ta l  specimens (with 
P 
t o t a l  p l a s t i c  s t r a i n  range of E i n  each cyc le)  and obtained t h e  r e s u l t s  
P 
E 4% = cons t an t  = C (2.2a) 
P 
From s tudy  of experimental  d a t a ,  t r e a t e d  a s  a problem of cumulat ive f a t i g u e  
damage, Mar t in  (Ref. 4 ) ,  found t h a t  
gave a b e t t e r  f i t .  S u b s t i t u t i n g  Eq. (2.3) i n t o  Eq. (2.2a) g ives  
f o r  reversed  s t r a i n i n g  tests. 
The r e s u l t s  from Eqs. (2.1) and (2 -4)  ag ree  only i f  E /E  = 2, 
f P 
which means t h e  app l i ed  p l a s t i c  s t r a i n  range E i s  a s  h igh  a s  h a l f  of t h e  
P 
f r a c t u r e  s t r a i n  E For o t h e r  reasonable  s t r a i n  ranges (which a r e  much f "  
lower than  E ) more cyc le s  of l i f e  a r e  obta ined  w i t h  t h e  reversed  s t r a i n -  f 
i ng  t e s t  than  t h e  repea ted  s t r a i n i n g  test .  For example, i f  E / E  = 10 ,  
f P 
Eq. (2.1) g ives  N = 10 cyc le s  f o r  repea ted  s t r a i n i n g ,  wh i l e  accord ing  t o  
Eq. (2 .4) ,  N = 50 cyc le s  f o r  reversed  s t r a i n i n g .  
It is explained i n  Ref. 5 t h a t  dur ing  t h e  compressive s t r a i n i n g  p a r t  
of t h e  c y c l e  i n  reversed  s t r a i n i n g  t e s t s  some re-welding of  t h e  micro- 
c racks  occurs .  The c u r r e n t  s t a t e  of unders tanding  of low-cycle f a t i g u e  
of meta ls  i s  t h a t  microcracks o f t e n  e x i s t  i n s i d e  t h e  t e s t  specimen. 
Even i f  t hey  do n o t  e x i s t  i n i t i a l l y ,  t hey  begin  t o  form a f t e r  only a 
very s m a l l  number of c y c l e s  of s t r a i n i n g  a t  sites of microscopic inhomogeneity 
( c r y s t a l  boundaries ,  d i s l o c a t i o n s ,  o r  i n c l u s i o n s ) .  Fu r the r  s t r a i n i n g  
causes t h e s e  microcracks t o  grow. I n  repea ted  s t r a i n i n g ,  they grow wi thout  
any chance of re-welding, I n  reversed s t r a i n i n g ,  some re-welding i s  
poss ib l e  (al though re-welding does n o t  r e s t o r e  t h e  m a t e r i a l ) .  Hence, 
reversed  s t r a i n i n g  y i e l d s  more l i f e  c y c l e s  than  repea ted  s t r a i n i n g  does 
a t  t h e  same l e v e l  of s t r a i n  range E p e r  cyc le .  (For t h i s  comparison t h e  
P 
maximum t e n s i l e  s t r a i n  i n  reversed s t r a i n i n g  test +E 12 i s  hal f  of t h a t  
P 
i n  repeated s t r a i n i n g  test ,  + E ~ ) .  
II.1..2 Ef fec t s  of Mean S t r a i n s  
Perhaps a b e t t e r  explanation from the  point  of view of (macroscopic) 
continuum mechanics i s  t h e  observation presented i n  Ref. 6 (p. 171) t h a t  
i n  reversed s t r a i n i n g  the  mean s t r a i n  is zero,  whereas i n  repeated s t r a i n -  
ing the  mean s t r a i n  6 i s  a t e n s i l e  s t r a i n .  I n  repeated s t r a i n i n g  tests, 
the  mate r i a l  can be regarded a s  1 )  f i r s t  being given a mean s t r a i n  of 6 
and then 2) being subjected t o  a c y c l i c  p l a s t i c - s t r a i n  range of E with 
P 
zero mean s t r a i n  (as  i n  t h e  case of reversed s t r a i n i n g ) .  Since the  e f f e c t  
of the  mean s t r a i n  o r  "pres t ra in"  is  t o  reduce the  l i f e  cycles ,  w e  ge t  
l e s s  cycles t o  f a i l u r e  i n  repeated s t r a i n i n g  than i n  reversed s t r a i n i n g  
a t  the  same l e v e l  of s t r a i n  range E . 
P 
For example, one of the  approximate formulas f o r  l i f e  cycles ,  in- 
cluding t h e  e f f e c t  of the  mean s t r a i n  6 i s  (Ref. 6 ,  p. 174) 
where D = t e n s i l e  d u c t i l i t y  
i n  which R.A. is  the  conventional "reduction i n  area" and A. and A a r e  f  
the  i n i t i a l  and f i n a l  a reas  of the  f r a c t u r e  cross  sec t ion  i n  t h e  t e n s i l e  
t e s t .  I n  f a c t  D i s  t h e  " f rac tu re  s t r a i n 1 '  E used i n  Eqs . (2.1) and (2.4)  . f  
A s  long a s  6 is  p o s i t i v e  ( t e n s i l e  s t r a i n ) ,  i t s  e f f e c t  is  t o  reduce the  l i f e  
cycle N.  The e f f e c t  i s  more s u b s t a n t i a l  i n  the  range where the  r a t i o  
DIE is small  (hence l i f e  cycle N is small) than i n  t h e  range of high 
P 
values of D / E  and N. 
P 
11.1.3 Preferable  Fatigue Test Mode 
I n  fo ld ing and unfolding of simple and double fo lds  i n  a bladder i n  
r e a l  l i f e  appl ica t ions ,  a  s i t u a t i o n  between reversed s t r a i n i n g  and re- 
peated s t r a i n i n g  p reva i l s .  I n  some loca t ions  the  maximum t e n s i l e  s t r a i n s  
w i l l  be reversed t o  compressive s t r a i n s  which r a r e l y  reach t h e  same 
magnitude a s  t h e  maximum t e n s i l e  s t r a i n s  (or  v i c e  ve r sa ) .  I n  o the r  
l o c a t i o n s  t h e  lowest  s t r a i n s  w i l l  remain t o  be  t e n s i l e  (or  compressive).  
Since repea ted  s t r a i n i n g  y i e l d s  smaller l i f e  cyc l e s  than  reversed  s t r a i n -  
i ng ,  i t  is more conserva t ive  (hence p r e f e r a b l e )  t o  conduct b ladder  fo ld ing  
f a t i g u e  test as t h e  repea ted  s t r a i n i n g  type.  On t h e  o t h e r  hand, i f  tests 
a r e  t o  b e  conducted t o  o b t a i n  u n i a x i a l  f a t i g u e  d a t a  i t  is  p r e f e r a b l e  t o  
u se  t h e  reversed  s t r a i n i n g  type  s i n c e  t h i s  type  of loading  g ives  nea r ly  
s t r a i g h t  l i n e  r e l a t i o n s  between E and N on log-log coord ina tes  and t e s t  
P 
r e s u l t s  can be  r e a d i l y  compared w i t h  a v a i l a b l e  d a t a  which a r e  mostly of 
reversed  s t r a i n i n g  type .  Should t h e  t e s t s  be conducted a s  t h e  reversed  
s t r a i n i n g  type ,  t h e  r e s u l t i n g  l i f e  cyc l e s  N must be d iv ided  by a f a c t o r  
of s a f e t y  ( g r e a t e r  than  one) t o  account  f o r  s h o r t e r  l i f e  i n  case  of repeat-  
ed s t r a i n i n g .  
11.2 U s e  of Uniaxia l  Tes t  Data t o  I n t e r p r e t  Resu l t s  from Mul t i ax i a l  
Fa t igue  T e s t s  
11.2.1 A General Procedure of L i f e  P r e d i c t i o n  Considering Both P l a s t i c  
and E l a s t i c  S t r a i n s  
Whether t h e  stress app l i ed  t o  a  t e s t  specimen is  u n i a x i a l  o r  mul t i -  
a x i a l ,  t h e  r e s u l t i n g  t o t a l  s t r a i n  (conta in ing  both e l a s t i c  and p l a s t i c  
components) w i l l  be  t r i a x i a l .  Thus, simple and double f o l d  f a t i g u e  t e s t s  
w i l l  p rovide  a continuous record of t h e  p r i n c i p a l  s t r a i n s  el ,  E~ and E 3 "  
I n  o r d e r  t o  p r e d i c t  f a t i g u e  l i f e  of t h e  specimen wi th  t h e  t h r e e  components 
of t o t a l  s t r a i n s  s p e c i f i e d  throughout a  cyc l e  by a v a i l a b l e  u n i a x i a l  f a t i g u e  
test d a t a ,  Manson (Ref. 6 ,  p. 169) hypothesized a  gene ra l  procedure which 
c o n s i s t s  of t h e  fol lowing s t e p s :  
11.2.1.1 P l o t  Uniaxia l  Re la t ion  between P l a s t i c - S t r a i n  Range and Cycle 
I f  a  p l o t  is  made on loga r i thmic  coord ina tes  of t h e  p l a s t i c - s t r a i n  
range E ve r sus  t h e  number of cyc l e s  t o  f a i l u r e  N i n  a  u n i a x i a l  reversed 
P 
s t r a i n i n g  test, t h e  r e s u l t  is  very nea r ly  a s t r a i g h t  l i n e  given by t h e  
equat ion  
where M and z a r e  m a t e r i a l c o . n s t a n t s .  These cons t an t s  can be e i t h e r  
determined by d i r e c t  measurements from u n i a x i a l  f a t i g u e  t e s t s  ( ~ e f .  6 ,  
p. 143) o r  computed by approximate formulas (Ref. 6 ,  pp. 159-161) i n  terms 
of va r ious  combinations of endurance l i m i t  o (from u n i a x i a l  f a t i g u e  
end 
t e s t s ) ,  t e n s i l e  d u c t i b i l i t y  D ,  u l t i m a t e  t e n s i l e  s t r e n g t h  o or land  
u 
f r a c t u r e  s t r e s s  o ( a l l  from u n i a x i a l  s t a t i c  t e s t s ) .  f  
11.2.1.2 P l o t  Uniaxia l  Rela t ion  between E l a s t i c - S t r a i n  Range and Cycl ic  
I f  t h e  s t r e s s  range a t  t h e  h a l f - l i f e  ( t he  "asymptotic s t r e s s  range", 
a s  def ined  i n  Ref. 6 ,  p. 128) i s  d iv ided  by t h e  e l a s t i c  modulus E, t h e  
quo t i en t  can be regarded a s  t h e  e l a s t i c - s t r a i n  range E a s soc i a t ed  w i t h  
eR 
t h e  c y c l i c  l i f e  N.  A p l o t  of t h i s  s t r a i n  ve r sus  c y c l i c  l i f e  on log-log 
coord ina tes  a l s o  r e s u l t s  i n  a reasonably s t r a i g h t  l i n e  given by 
6 
e R ( v a l i d  f o r  N < 10 ) (2.8) 
where G and y are m a t e r i a l  cons t an t s .  Again t h e s e  cons t an t s  can be e i t h e r  
determined by d i r e c t  measurements from u n i a x i a l  f a t i g u e  t e s t s  (Ref. 6 ,  
p.  143) o r  computed by approximate formulas (Ref. 6 ,  pp. 159-161) i n  terms 
of va r ious  combinations of o  o and o f .  
end' u  
11.2.1.3 P l o t  T r i a x i a l  Re la t ion  between T o t a l  Equivalent  S t r a i n  Range 
and Cycl ic  L i f e  
It i s  shown i n  Ref. 6  t h a t  through t h e  hypothes is  of an  "equiva len t  
t o t a l  s t r a i n  range" AE given by 
t h e  equat ion  
relates t h e  t r i a x i a l  s t r a i n  ranges t o  c y c l i c  l i f e  p r e d i c t i o n  based on 
u n i a x i a l  d a t a  given by t h e  m a t e r i a l  cons t an t s  M, z ,  G and y .  Here 11 is 
t h e  ~ o i s s o n ' s  r a t i o  of t h e  material. 
Equation (2.10) can be p l o t t e d  as a s t r a i n  range A s  ve r sus  c y c l i c  
l i f e  N curve on log-log coord ina tes  and can b e  used f o r  c y c l i c  l i f e  pre-  
d i c t i o n  f o r  t h e  material. 
1192-1.4 Compute T o t a l  Equivalent  S t r a i n  Range f o r  Given Tr iax ia l  Problem 
For any problem i n  which t h e  t h r e e  p r i n c i p a l  t o t a l  s t r a i n  components 
( p l a s t i c  and e l a s t i c  s t r a i n s )  are s p e c i f i e d  e i t h e r  from measurement o r  
computation, form t h e  s t r a i n  d i f f e r e n c e s  cl - c2 ,  - E ~ ,  - E f o r  1 
t h e  e n t i r e  load cyc le  and no te  t h e  ranges t r a v e r s e d  by t h e s e  s t r a i n  d i f f e r -  
ences.  S u b s t i t u t e  t h e s e  s t r a i n  d i f f e r e n c e  ranges A(E - c 2 ) ,  A(s2 - E3)9 1 
- E ) i n t o  Eq. ( 2 9 )  t o  o b t a i n  a n  equ iva l en t  t o t a l  s t r a i n  range A E  of 1 
t h e  given problem. 
11.2.1.5 Find Cycl ic  L i f e  From t h e  Curve Eq. (2.10) 
Read o f f  t h e  va lue  of N from t h e  curve cons t ruc t ed  i n  s t e p  11.2.1.3 
(according t o  Eq. (2, lO))corresponding t o  t h e  va lue  of A s  ob ta ined  i n  s t e p  
I I . 2 e 1 0 4 0  This  is t h e  l i f e  p r e d i c t i o n  f o r  t h e  g iven  problem. 
It i s  c l e a r  t hen ,  t h a t  t h e  procedure desc r ibed  above a l lows  comparison 
of t h e  c y c l i c  l i f e  from simple and double f o l d  f a t i g u e  tests w i t h  t h a t  
p red ic t ed  by u n i a x i a l  f a t i g u e  o r l and  s t a t i c  t e s t  d a t a .  It a l s o  a l lows  
p r e d i c t i o n  of c y c l i c  l i f e  f o r  any problem where t h e  t r i a x i a l  t o t a l  s t r a i n s  
a r e  s p e c i f i e d  f o r  t h e  e n t i r e  l oad  cyc le .  
11.2.2 S impl i f i ed  Procedure of L i f e  P r e d i c t i o n  Neglect ing E l a s t i c  S t r a i n s  
A t y p i c a l  A s  vs .  N curve (according t o  Eq. (2.10))shows t h a t  i n  t h e  
low l i f e  range,  t h e  e l a s t i c  component is almost n e g l i g i b l e  a s  compared 
w i t h  t h e  p l a s t i c  component. I n  t h i s  range t h e  t o t a l  s t r a i n  A s  almost 
co inc ides  completely w i t h  t h e  E vs .  N s t r a i g h t  l i n e  f o r  t h e  p l a s t i c  com- 
P 
ponent (according t o  Eq. (2 .7) ) .  A t  t h e  h ighe r  c y c l i c  l i v e s ,  however, 
t h e  p l a s t i c  s t r a i n  r a p i d l y  becomes n e g l i g i b l e ,  wh i l e  t h e  e l a s t i c  s t r a i n  
r e t a i n s  a r e l a t i v e l y  h igh  va lue  because of t h e  lower s l o p e  of t h e  
2 
- ( 1 9 ~ )  ceR VS. N s t r a i g h t  l i n e  w i t h  E given by Eq. (2.8) . Thus, t h e  3 e R 
As curve approaches tangency t o  t h e  e l a s t i c  l i n e .  The c rossover  p o i n t  
between t h e  two curves is ,  f o r  most m a t e r i a l s ,  i n  t h e  v i c i n i t y  of 10  4 
cyc l e s ,  Thus, i f  l i f e  ranges of l e s s  than  1,000 cyc le s  a r e  involved,  it  
is usual ly  permissible t o  neglect  considerat ion of the  e l a s t i c  component. 
On the  o the r  hand, i f  the  problem involves l i v e s  i n  the  v i c i n i t y  of 100,000 
cycles,  t h e  s t r a i n  of major i n t e r e s t  i s  t h e  e l a s t i c - s t r a i n  range (o r ,  
equivalent ly ,  t h e  s t r e s s  range). Basical ly it is probably s t i l l  loca l i zed  
p l a s t i c  flow t h a t  induces fa t igue ,  even a t  the  very high l i v e s ,  but  
measurement of the  p l a s t i c  flow is d i f f i c u l t  and t h e  stress range apparently 
becomes an adequate measure of t h i s  loca l i zed  p l a s t i c  flow. 
For bladder fo ld ing appl ica t ions ,  t h e  s i t u a t i o n  i s  we l l  wi th in  the  
low l i f e  (and high s t r a i n )  range. The e l a s t i c  s t r a i n s  may be neglected 
(as compared with the  p l a s t i c  s t r a i n s )  f o r  most p r a c t i c a l  purposes. Then 
the  procedure of l i f e  p red ic t ion  presented i n  11.2.1 can be s impl i f ied  
a s  follows: 
11.2.2.1 P l o t  Uniaxial  Relat ion Between P l a s t i c  S t r a i n  Range and Cycle L i f e  
This s t e p  i s  same a s  i n  Step 11.2.1.1. For the  s t r a i g h t  l i n e  
t h e  mate r i a l  constants  M and z can be e i t h e r  determined by d i r e c t  measure- 
ments o r  by one of the  following t h r e e  s e t s  of approximate formulas 
(Ref. 6 ,  pp. 159-161) . 
11.2.2.1.1 Relat ion I n v o l v i n ~  D u c t i b i l i t y  D 
According t o  Tavernel l i  and Coffin (Ref. 7) 
These values of M and z give consis tent ly  conservative values f o r  l i f e  
cycle N. According t o  Martin (Ref. 4 ) ,  a b e t t e r  f i t  t o  experimental da ta  
can be  obtained by taking 
II .2.2,1.2 Re la t ion  Involving D u c t i b i l i t y  D ,  Ult imate Tens i l e  S t r eng th  
a and F rac tu re  S t r e s s  a 
U f 
z = -0.52 - - 1 l o g  D + 7 l o g  4 
These va lues  of M and z g ive  b e t t e r  f i t  t o  experimental  d a t a  than  Eqs.(2.11) 
b u t  may be  too  unconservat ive.  Manson (Ref. 6 ,  p. 164) suggested d i v i s i o n  
of M by approximately 1 .5  t o  make Eq. (2.13) render  predominantly conser- 
v a t i v e  l i f e  p red ic t ions .  
11.2 2.1.3 Re la t ion  Involv ing  D u c t i b i l i t y  D ,  F rac tu re  S t r e s s  a and 
Endurance Limit  o f 
end 
1 .39 
z = -0.52 - - l o g  D + -j- l o g  4 
The p r e d i c t i o n  based upon t h e s e  va lues  of M and z y i e l d s  s l i g h t l y  improved 
c o r r e l a t i o n s  wi th  experimental  d a t a  than  11.2.2.1.2 a t  t h e  h ighe r  c y c l i c  
l i v e s .  This  is t o  b e  expected s i n c e  use  is  e s s e n t i a l l y  made of t h e  long- 
l i f e  d a t a  i n  e s t a b l i s h i n g  t h e  endurance l i m i t  a t  l o 7  cyc les .  For appl ica-  
t i o n  t o  low-cycle f a t i g u e  of b ladder  fo ld ing  t h i s  refinement i s  no t  
necessary.  
Eqs. (2.11) , (2.12) and (2.13) show t h a t  i t  is  p o s s i b l e  t o  approxi- 
mately d e r i v e  u n i a x i a l  f a t i g u e  d a t a  from u n i a x i a l  s t a t i c  t e s t  d a t a  (D, 
o o f )  on ly*  
u 9  
11.2.2.2 Compute Equivalent  P l a s t i c  S t r a i n  Range f o r  Given T r i a x i a l  Problem 
This  s t e p  is  same a s  S tep  11.2.1.4 except  t h a t  t h e  t o t a l  s t r a i n  
range A s  is assumed t o  b e  equal  t o  t h e  p l a s t i c  s t r a i n  range E . The P 
equ iva l en t  p l a s t i c  s t r a i n  range AE = s i s  given by Eq. (2.9). 
P 
11.2.2.3 Find Cycl ic  L i f e  from t h e  S t r a i g h t  Line  Eq. (2.7) 
Read o f f  t h e  va lue  of N from t h e  s t r a i g h t  l i n e  cons t ruc ted  i n  s t e p  
11.2.2.1 (according t o  Eq. (2 .7))corresponding t o  t h e  va lue  of A E  obtained 
i n  Step I I .2 .2 ,2 .  This  is t h e  d e s i r e d  l i f e  p r e d i c t i o n  f o r  t h e  given 
< 
problem. 
11.2.3 L imi t a t ions  of Procedure f o r  M u l t i a x i a l  S t r a i n s  
When Eq. (2.9) i s  appl ied  t o  determine an equ iva l en t  t o t a l  s t r a i n  
range,  t h e  i m p l i c i t  assumption is  made t h a t  deformation p l a s t i c i t y  is  
v a l i d .  It i s  e s s e n t i a l l y  assumed t h a t  t h e  p r i n c i p a l  s t r e s s e s  vary i n  
d i r e c t  p ropor t ion  t o  each o the r .  It is  a l s o  implied t h a t  t he  s t r a i n  
ranges A (E 1 - E2) ,  3 1 A ( E ~  - E ) and A ( E ~  - E ) a r e  e i t h e r  i n  phase wi th  each 
o t h e r  o r  180" o u t  of phase, f o r  only i n  t h i s  circumstance do t h e  extreme 
va lues  occur  concurren t ly .  On the  o t h e r  hand, i t  i s  f o r t u i t o u s  t h a t  no 
cons ide ra t ion  need be given t o  t h e  a l g e b r a i c  s i g n  of t hese  ranges s i n c e  
they appear  i n  Eq. (2.9) only a s  squared terms. 
However, i n  t h e  more gene ra l  c a s e ,  t h e  s t r a i n s  and s t r a i n  d i f f e r ences  
w i l l  be  obta ined  from computations of incremental  p l a s t i c i t y .  Loadings may 
vary s o  t h a t  t h e r e  is no d i r e c t  p r o p o r t i o n a l i t y  among t h e  p r i n c i p a l  s t r e s s e s ,  
and t h e  s t r a i n s  and s t r a i n  d i f f e r e n c e s  may t u r n  out  t o  bea r  a phase r e l a t i o n  
o t h e r  t han  0" o r  180". Thus, t h e  procedure descr ibed  i n  11.2.1 may be 
i n v a l i d  f o r  t h e  more gene ra l  case.  I n  f a c t ,  t h e  assumption t h a t  u n i a x i a l  
f a t i g u e  d a t a  a r e  d i r e c t l y  a p p l i c a b l e  t o  t r i a x i a l  f a t i g u e  behavior  may not  
be  v a l i d .  For example, m u l t i a x i a l i t y  of stress may reduce t h e  e f f e c t i v e  
d u c t i l i t y ,  thus i n v a l i d a t i n g  p r e d i c t i o n s  based on u n i a x i a l  f a t i g u e  t e s t s  
o r  a x i a l  t e n s i l e  tests. The phase angle  i s  another  important  v a r i a b l e  
regard ing  which l i t t l e  experimental  in format ion  is  a v a i l a b l e ,  When such 
informat ion  does become a v a i l a b l e ,  t h e  procedure may r e a d i l y  b e  modified. 
U n t i l  then ,  however, i t  i s  reasonable t o  assume t h a t  conservatism introduced 
by s a f e t y  f a c t o r s  and o t h e r  engineer ing  compensations w i l l  s u f f i c e  t o  over- 
come any unconservatism introduced by use  of t h e  procedure 11.2.1 f o r  
t rea tment  of t r i a x i a l  s t r a i n s .  
When both e l a s t i c i t y  and p l a s t i c i t y  a r e  involved,  t h e  r e l a t i o n s h i p  
between s t r e s s  and s t r a i n  can become very  complicated, even under r e l a t i v e  
s imple loading  condi t ions .  It i s  reasonable  t o  assume t h a t  no s imple 
hypothesis f o r  behavior which is s u i t a b l e  f o r  p r a c t i c a l  app l i ca t ions  can 
be completely r igorous i n  i t s  desc r ip t ion  of the  performance. The procedures 
described he re  a r e  the  r e s u l t s  of most up-to-date researches i n  an e f f o r t  
t o  seek approximate r e l a t i o n s  which a r e  s u f f i c i e n t l y  r e a l i s t i c  t o  lead t o  
reasonable approximations of a c t u a l  behavior. 
11.3 Available Fatigue Results  f o r  Bladder Mater ia ls  
Most f a t i g u e  data  i n  t h e  l i t e r a t u r e  p e r t a i n  t o  high-cycle (low- 
s t r a i n )  behavior i n  the  form of s t r e s s  amplitude vs. l i f e  cycle curves and 
endurance l i m i t s  ( i . e .  t h e  asymptomatic s t r e s s  amplitude). These data  a re  
not use fu l  f o r  the purpose of analyzing bladder fo ld ing behavior which 
requires  s t r a i n  amplitude vs. l i f e  cycle r e l a t i o n s  from low-cycle (high- 
s t r a i n )  f a t i g u e  tests. The study of low-cycle f a t i g u e  has i t s  o r i g i n  i n  
an attempt t o  study t h e  e f f e c t  of c y c l i c  thermal stress. The des i red  
fa t igue  da ta  can be found from a r e l a t i v e l y  small  number of recent  references 
i n  connection with such thermal stress problems. I n  the  following, the  
ava i l ab le  data  w i l l  be  listed under severa l  types of information. Only 
t h e  mate r i a l s  spec i f i ed  i n  the  "Statement of Work" i n  the  contrac t  a r e  
considered here in .  
11.3.1 Data from Uniaxial Tes ts  
Most un iax ia l  f a t i g u e  t e s t  da ta  f o r  metals and p l a s t i c s  can be 
represented by the  s t r a i g h t  l i n e  Eq. (2.7) ( i f  p l o t t e d  on log-log coordinates)  
i n  terms of two mate r i a l  constants  M and z. I n  t h i s  sec t ion ,  f o r  each 
mate r i a l  and temperature the  E VS. N da ta  f o r  two points  on t h i s  s t r a i g h t  
P 
l i n e  w i l l  be  l i s t e d  s o  t h a t  the  complete range of data  can be e a s i l y  re- 
constru6ted by p l o t t i n g  t h e  s t r a i g h t  l i n e  o r  by determining t h e  constants  
M and z based on these  two points .  
I n  case of elastomers the  f a t i g u e  d a t a  a r e  given i n  the  form of 
extension r a t i o  vs.  cycle l i f e  curves which a r e  not  s t r a i g h t  l i n e s .  Then 
data  f o r  more than two points  on each curve w i l l  be l i s t e d .  
11.3.1.1 Data f o r  Metals 
Table 2-1 lists some ava i l ab le  data  f o r  A I S I  type 300 s e r i e s  s t a i n -  
l e s s  s t e e l ,  annealed type 1100 aluminum, gold and t i tanium a l l o y  under 
various temperatures ranging from -320°F (78OK) t o  + 200°F (367OK). For 
comparison and references ,  da ta  f o r  severa l  ma te r i a l s  and temperature 
ranges o the r  than those s t a t e d  above a r e  a l s o  included. A l l  da ta  i n  Table 
2-1 (except pure gold) appear t o  be  obtained from reversed s t r a i n i n g  on 
ba r  specimens. Some of t h e  data  i n  Table 2-1 a r e  obtained by using Eq. 
(2.4) with the  values of cf given by s t a t i c  t e s t s  c i t e d  i n  the  references.  
11.3.1.2 Data f o r  P l a s t i c s  
Table 2-2 lists some ava i l ab le  d a t a  f o r  Teflon TFE, Teflon FEP and 
Mylar under various temperatures. Ref. 5 contains some s t a t i c  t e s t  r e s u l t s  
( t rue  s t r e s s  vs. t r u e  s t r a i n  r e l a t i o n s )  f o r  Teflon f e l t  sheets  a t  room 
temperature and a t  200°F. Since "fa i lure"  i s  defined as  t h e  appearance of 
a surface  crack on the  shee t ,  i t  loses  i t s  meaning f o r  Teflon f e l t  shee t s  
because they a r e  already q u i t e  porous before any imposed deformation. For 
t h i s  reason they a r e  never used alone a s  a bladder mate r i a l ,  but  merely 
serve  as  a separa t ion between shee t s  of o ther  mate r i a l s .  I n  t h i s  capaci ty ,  
the only concern i s  t h a t  they maintain t h e i r  o v e r a l l  ma te r i a l  cont inui ty  
as  a shee t .  The f r a c t u r e  s t r a i n  of the  unimpregnated Teflon f e l t  i s  much 
l a r g e r  than t h a t  of a l l  t h e  o ther  mate r i a l s  considered. Therefore, when 
used i n  laminations with o ther  mate r i a l s ,  unimpregnated Teflon f e l t  w i l l  
never break before o ther  mate r i a l s  do. However, t h i s  is  not  t r u e  f o r  im-  
pregnated Teflon f e l t s .  
11.3.1.3 Data f o r  Elastomers 
Table 2-3 l ists some ava i l ab le  da ta  f o r  Parker EPR, RkD EPR and RMD 
Nitroso rubbers a t  room temperature. For elastomers the  f a t i g u e  l i f e  N 
i s  a function of the  extension r a t i o  A defined a s  (Ref. 15) ( i n  uniaxia l  
t e s t s ) .  
deformed a x i a l  l e n g t h  
A = o r i p i h a l  a x i a l  len&h 
The A vs. N curves a r e  i n  general  not s t r a i g h t  l i n e s  on log-log coordinates.  
Hence, more than two da ta  points  a r e  l i s t e d  under each mater ia l .  
11.3.2 Data from Folding Tests  
I n  Ref. 27, a s e r i e s  of r o l l i n g  of double fo ld  t e s t  r e s u l t s  a re  
reported f o r  TFE and FEP Teflon shee t s  and Teflon TFE/FEP laminates (of 
equal thicknesses) .  These t e s t s  have been performed i n  various propel lants  
and simulated propel lants  (or  a i r )  a t  temperatures ranging from 35OF t o  
75OF. The r e s u l t s  a r e  summarized i n  Table 2 4. 
11.3.3 Data from which Cvcle L i f e  can be Computed 
Some of t h e  da ta  i n  Table 2-1 have been obtained by using Eq. (2.4) 
with t h e  values of f r a c t u r e  s t r a i n  E (or t e n s i l e  d u c t i b i l i t y  D) given by f 
s t a t i c  tests. Similar ly ,  the  approximate cycle l i f e  N may be computed 
f o r  a given s t r a i n  range E i f  the  various combinations of t e s t  r e s u l t s  
P 
on d u c t i b i l i t y  D, ul t imate  t e n s i l e  s t r eng th  a f r a c t u r e  s t r e s s  a and 
u ' f 
endurance l i m i t  a a s  given i n  Eqs. (2.11) through (2.14) a r e  avai lable .  
end 
Some of these  d a t a  a r e  col lec ted  i n  Table 2-5. 
Table 2-1 Uniaxia l  Fa t igue  Tes t  Data f o r  Metals 
M a t e r i a l  Tes t  Mode Temperature Specimen P l a s t i c  Number References 
Shape S t r a i n  of Cycles 
Range t o  Fa i l -  
E u r e  N 
P 
Aluminum reversed  300°K b a r  0.28 10 8 
1100 s t  r a i n i n g  
0.008 lo4  8 
347 Sta in-  s t a t i c  300°K b a r  0.30 10  9 
less S t e e l  test and 
E q .  (2.4) 
0.009 l o 4  9 
6A1-4V reversed  
Titanium s t r a i n i n g  
Iodide  s t a t i c  
Titanium t e s t  and 
E q .  (2.4) 
347 Sta in-  reversed  
less steel s t r a i n i n g  
Pure Ti tan-  s t a t i c  
ium test and 
E q .  (2.4) 
120°K 0.27 10 9 
0.0075 lo4  9 
5°K 0.17 10 9 
0.005 9 
300°K b a r  0.30 10  10 
0.0014 l o 4  10 
b a r  0.40 10 9 
0.012 lo4  9 
0.50 10 9 
' 0.016 lo4  9 
0.21 10 9 
0.0064 l o 4  9 
b a r  0.20 10 8 
0.007 l o 4  8 
b a r  0.16 10 11 
Table 2-1 Uniaxial Fatigue Test Data fo r  Metals (Cont'd.) 
Material  Test Mode Temperature Specimen P l a s t i c  Number References 
Shape S t ra in  of Cycles 
Range t o  Fai l -  
E ure N 
Pure s t a t i c  t e s t  300°K wire 0.51 10 5 





4130 S t e e l  
Titanium 
Annealed 
304 S t e e l  
Annealed 
310 S tee l  
Annealed 
350 S t ee l  
2014 T-6 
Aluminum 
s t a t i c  t e s t  
and Eq. (2.4) 
reversed 
s t r a in ing  
reversed 
st ra ining 
reversed 




st ra ining 
reversed 
s t r a in ing  
0.42 
0.014 












bar  0.24 
0.03 
bar 0 -09 
0.018 
bar  0.20 
0.02 
5456 H311 reversed 300°K bar  0 -13 7 13 
Aluminum s t ra in ing  0.03 200 13 
Table 2-2 Uniaxial Fatigue Test Data f o r  P l a s t i c s  
Material  Test Mode Temperature Specimen P l a s t i c  Number References 
Shape S t r a in  of Cycles 
Range t o  Fai lure  
E ET 
Teflon reversed room bar  0.78 10 5 
TFE s t r a in ing  
0.30 l o 3  5 
Teflon reversed room bar  0.81 10 5 
FEP s t r a in ing  
0.55 lo3  5 
Mylar s t a t i c  t e s t  room sheet  0.63 10 5 
and est imate 
0.20 l o 3  5 
Teflon repeated 300°K not 0.05 1500 14 
TFE s t r e s s ing  given 
Teflon repeated 300°K not 0.0075 900 14 
FEP s t ress ing  given 
Table 2-3 Uniaxia l  Fa t igue  Tes t  Data f o r  Elastomers 
Material Specimen Tes t  Mode Temperature Extension Number of References 
Shape Rat io  Cycles t o  
h F a i l u r e  N 
Parker  EPR t e n s i l e  repeated room 2.88 10 5,16-26 
No. 505-8 s t r i p  s t r e t c h i n g  
2.19 10 5,16-26 
RMDEPR No. t e n s i l e  repeated room 2.89 3000 5,16-26 
132 s t r i p  s t r e t c h i n g  
2.44 lo4  5,16-26 
1.88 lo5  5,16-26 
RMD t e n s i l e  repea ted  room 2.62 10 5,16-26 
Ni t roso  s t r i p  s t r e t c h i n g  
Rubber 
Table 2-4 Rolling of Double Fold Test  Results  f o r  Teflon ( ~ e f .  27) 
(+ ind ica tes  no f a i l u r e )  
Specimen Thickness Environment Temperature Range of Number of Number of 
(mils) (OF) Cycles t o  Fa i lu re  Tes ts  
TFE shee t s  6 a i r  
a i r  
a i r  
Methylene 
Chloride 
a i r  
a i r  
a i r  










M e  thy lene  
Chloride 
TFE/FEP 6 Freon TF 
Laminates 
50% Isopro- 
pan01 - 50% 
water 
a i r  
Table 2-4 (Cont'd.) 
Specimen Thickness Environment Temperature Range of Number of Number of 
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I I 1 , O  TASK 2.0: ANALYSIS OF SINGLE FOLDS 
The s t a t i o n a r y  simple fo ld  (or s i n g l e  fo ld )  is shown i n  Figure 1-la. 
Folds o f . t h i s  type a r e  observed throughout t h e  expulsion cycle. The s t r a i n s  
associated with t h e  simple fo ld  cons i s t  primari ly of extension of t h e  out- 
s i d e  f i b e r s  and compression of t h e  i n s i d e  f i b e r s  of t h e  mater ia l .  Depending 
upon t h e  mate r i a l  and t h e  r a d i i  of curvature involved, various approxima- 
t ions  can be made t o  f a c i l i t a t e  the  ana lys i s  of simple fo lds .  
For example, when the  bladder cons i s t s  of laminated metal and p l a s t i c ,  
a good f i r s t  approximation i s  t h a t  plane sec t ions  through t h e  thickness of 
the  laminate remain plane a f t e r  the  load has been applied. This approxima- 
t ion  reduces t h e  analys is  t o  a one-dimensional problem, and only a wedge- 
shaped s l i c e  of t h e  cross-sect ion need be considered (See Figure 3-1). For 
mater ia ls  such a s  elastomers, however, a simple experiment shows t h a t  t h e  
I1 plane sec t ions  remain plane" assumption is  - not v a l i d  f o r  very smal l  primary 
r a d i i  of curvature.  I n  t h i s  case,  considerable shear ing deformations take  
place i n  t h e  immediate neighborhood of the  simple fo ld .  
Thus, t h e  analys is  of a s t a t i o n a r y  simple fo ld  can be  divided i n t o  
two tasks ,  one involving no 'shear (plane sec t ions  remain plane),  Task 2.1, 
and the  o the r  including shear  deformations, Task 2.2. Note t h a t  t h e  second 
analys is  ( including shear)  is two-dimensional i n  character ,  s ince  it involves 
va r ia t ions  i n  both the  r a d i a l  and c i rcumferent ia l  d i rec t ions .  Natural ly,  
t h i s  two-dimensional ana lys i s  is considerably more complicated than the  
1 I one-dimensional plane sect ions" approach, 
Because of i ts inherent  s i m p l i c i t y ,  one would p re fe r  t o  employ the  
1 I plane sect ions" approximation. I n  order  t o  have confidence i n  t h i s  simpli- 
f i ed  ana lys i s ,  however, one must i n v e s t i g a t e  t h e  problem including shear 
deformations and determine when t h e  simple ana lys i s  i s  adequate. From a 
physical  s tandpoint ,  i t  is  apparent t h a t  shear deformations w i l l  be  neg l ig ib le  
as  long as  de r iva t ives  i n  the  c i rcumferent ia l  d i r e c t i o n  ( i . e . ,  around the  
fold)  a r e  s u f f i c i e n t l y  small.  Thus, it is  an t i c ipa ted  t h a t  t h e  s impl i f ied  
analys is  w i l l  apply when t h e  primary radius  i s  g r e a t e r  than t h e  th ickness ,  
and the  two-dimensional analys is  w i l l  be required when the  primary radius  
becomes very small.  The method of so lu t ion  f o r  t h e  two cases i s  out l ined 
i n  the  sec t ions  which follow. 
111.1 Task 2.1: Formulate an  "N-Layered" Model * 
I n  t h i s  t a s k ,  a s i m p l i f i e d  a n a l y t i c a l  model is  developed t o  p r e d i c t  
s t r a i n s  produced i n  a  s i n g l e  f o l d  of a composite b ladder .  The a n a l y s i s  
is  based on t h e  approach of H i l l  (Ref. 30) and i t  makes t h e  fo l lowing  
assumptions: (1) s h e a r  s t r a i n s  a r e  neglec ted ;  (2) e l a s t i c  s t r a i n s  a r e  
n e g l i g i b l e ;  (3) t h e  Tresca Yield Law is v a l i d ;  and (4) t h e  m a t e r i a l s  
a r e  p e r f e c t l y  p l a s t i c .  Once p l a s t i c  f o l d i n g  s t r a i n s  are thus  computed, 
they can be  used f o r  f a t i g u e  l i f e  p r e d i c t i o n .  
111.2 E l a s t i c  Bending of  a Laminated Sheet 
Consider t h e  e l a s t i c  bending of a wide laminated s h e e t  where t h e r e  
i s  n e g l i g i b l e  s t r a i n  i n  t h e  wid th  d i r e c t i o n  ( s t a t e  of p l ane  s t r a i n ) .  
Polar  coo rd ina t e s  ( r ,  0 )  are used a s  shown i n  F igure  3-1. 
NEUTRAL SURF 
Figure  3-1. E l a s t i c  Bending of a Laminated Sheet 
Under pure  bending, t h e  s t r a i n  i n  t h e  n t h  l a y e r  of t h e  laminated s h e e t  i s  
r - C  
E ( r )  =---- 
e (n) c 
where c i s  t h e  radius  of curvature of t h e  n e u t r a l  surface .  I f  t h e  
mate r i a l  obeys Hooke's law, t h e  s t r e s s  i n  t h e  n th  l a y e r  i s  given by ( s e e ,  
f o r  example, Reference 31,Page 5 )  
where En and v a r e  t h e  modulus of e l a s t i c i t y  and Poisson's r a t i o ,  
n 
r espec t ive ly ,  of t h e  mate r i a l  i n  t h e  n th  l ayer .  Subs t i tu t ing  Equation (3 .1)  
i n t o  Equation (3 .2)  we have 
To determine t h e  value of c ,  l e t  us consider t h e  bending of an 
elemental s t r i p  cut  from t h e  p l a t e  by two planes perpendicular t o  t h e  
width of t h e  p l a t e  and a un i t  d i s t ance  (say 1 inch) a p a r t .  We have then 
t h e  problem of pure bending of a  laminated beam with a cross sec t ion as  
shown i n  Figure 3 - l (b ) .  Since mate r i a l s  d i f f e r  from layer  t o  l a y e r ,  t h e  
e f f e c t i v e  cross-sect ional  a rea  of t h e  beam i s  as  shown i n  Figure 3 - l ( c )  
where the  thickness of each l ayer  is  maintained and the  width d i f f e r s  from 
layer  t o  l a y e r  such t h a t  f o r  t h e  n th  l a y e r  t h e  width i s  
(wl = 1 inch)  
( s e e ,  f o r  example, Reference 32,Page 229. ) The n e u t r a l  surface  r = c 
must pass through the  cent roid  of t h i s  cross-sect ional  area .  I f  tn i s  
t h e  thickness of t h e  n th  l ayer  such t h a t  
we should have 
with 
Subs t i tu t ing  Equation ( 3.4) i n t o  Equation (3.6) we have 
c = r  
0 + Yc 
with 
Subs t i tu t ing  Equations (3 .7)  and (3.8) i n t o  Equation (3 .3 )  we have 
Thus f o r  each value of 
o e ( n )  (5) = Yn,  (i . 'e.,  i f  t h e  s t r e s s  a t  t h e  outer  
boundary of t h e  n t h  l a y e r  i s  t h e  y i e l d  s t r e s s  of t h e  mate r i a l  i n  t h e  n th  
l a y e r ) ,  we have 
Similar ly ,  i f  t he  y i e ld  s t r e s s  occurs at  t he  inner boundary of t h e  l ayer  
CJ ( n )  (rn-l) = Yn we have 
I f  a l l  t he  values of r 
o(n>  (n )  and r 0 ( n  (n-1) a r e  computed f o r  
n = 1, 2 ,  ... N t he  maximum of these  values give t h e  value of a = r (max) 
0 0 
when some point i n  t h e  laminated sheet jus t  s t a r t s  t o  become p l a s t i c .  For 
any value of a which i s  l e s s  than ro(max), t he  e l a s t i c  formulation 
0 
presented i n  t h i s  sect ion does not hold. Hence, t h i s  -value of a. w i l l  be 
used as t h e  i n i t i a l  value of t he  inner radius  of curvature "a" f o r  forward 
computation of t h e  p l a s t i c  s t r a i n s  i n  t h e  laminated sheet .  The i n i t i a l  
value f o r  t h e  outer radius of curvature "b" i s  then 
and f o r  t h e  radius  of t h e  intermediate layers  
Since t he  circumferential  s t r a i n s  are given by Equation (3.11, t he  
o r ig ina l  length  of t h e  f l a t  unbent laminated sheet Lo i s  s t re tched or  
compressed by the  amount 
a t  t he  extreme fibers of  t he  nth l ayer .  
3- 5 
The e l a s t i c  s t r a i n s  caused by t h e  s t r e t c h i n g  and compressing of 
f i b e r s  w i l l  b e  considered n e g l i g i b l e  as compared wi th  t h e  p l a s t i c  bending 
s t r a i n s  i n  t h e  subsequent computation. The s o l e  purpose of t h i s  s e c t i o n  
was t o  e s t i m a t e  s y s t e m a t i c a l l y  t h e  f i n i t e  i n i t i a l  r a d i i  of cu rva tu re  f o r  
va r ious  l a y e r s  a t  t h e  start of p l a s t i c  bending. 
111.3 Forward Numerical Computation of P l a s t i c  Bending S t r a i n s  i n  a 
Laminated Sheet 
When t h e  i n i t i a l  va lues  of r (n = 0,  1, ... N) a r e  s y s t e m a t i c a l l y  
n 
determined as i n  Sec t ion  111.2, w e  can proceed t o  t h e  "forward" computation 
of p l a s t i c  bending s t r a i n s  i n  a laminated s h e e t .  Since maximum s t r a i n s  
occur  a t  e i t h e r  of t h e  extreme f i b e r s  of each l a y e r ,  we s h a l l  con f ine  our  
cons ide ra t ion  t o  t h e  s t r a i n s  a t  t h e s e  extreme f i b e r s .  
I f  t h inn ing  of t h e  l a y e r  t h i ckness  and movements of t h e  i n d i v i d u a l  
f i b e r s  a r e  taken i n t o  account ,  t h e  "forward" numerical computation of 
s t r a i n s  i n  t h e s e  extreme f i b e r s  of a l l  t h e  l a y e r s  can  be  accomplished i n  
t h e  fo l lowing  s t e p s :  
a .  Locat ion of Neut ra l  Sur face  as a = a 
0 
1. Compute t h e  i n i t i a l  bending ang le  a (per  u n i t  o r i g i n a l  l eng th )  
by t h e  incompress ib i l i t y  cond i t i on  Reference 30,  page 290, Equation (12) .  
2. Assume t h a t  t h e  n e u t r a l  s u r f a c e  r = c ( a  ) l ies i n  t h e  q t h  
0 
l a y e r  r (a  )s r s r (ao) (qO 5 N) . Note t h a t  t h e  n e u t r a l  s u r f a c e  
qo-1 0 40 
i n  p l a s t i c  bending does n o t  n e c e s s a r i l y  l i e  i n  t h e  same l a y e r  where t h e  
n e u t r a l  s u r f a c e  i n  e l a s t i c  bending l i e s .  
3. Compute t h e  cons t an t s  Cn(ao) (n  = q qo + 1, . . . N) by 
0 ' 
cN(ao) = -p0(ao) - 2% l o g  rN(ao)  
- Cn(ao) - ~ ~ + ~ ( a ~ )  - 2(kn - kn++) log \ ( ao)  
(n  = 90, 90 + 1, ... N-1) 
4. Compute t h e  constants  on(a0)  (n  = 1, 2 ,  ... q)  by 
5. Compute c ( a o )  from 
provided 
6. I f  c ( a  ) does not s a t i s f y  Equation (3 .20) ,  assume 
0 
another l ayer  f o r  loca t ion  of c(  a. ) ( i . e . , change t h e  value of q ) and 0 
repeat  s t eps  ( 2 )  through ( 5 )  u n t i l  a value of c ( a o )  between r ( a o )  
go-1 
and r ( a o )  i s  obtained. 
qo 
7. If Equation (3.20) cannot be s a t i s f i e d  f o r  any l a y e r  i n  
t h e  shee t ,  t h e  pressures po(ao) and pi(ao) a r e  too  high f o r  t h e  analys is  
t o  be v a l i d .  Proceed t o  cases with lower values of p ( a o )  and Pi(ao).  
0 
b. S t r a i n  Increments as a is  Increased by Aa 
0 0 
1. A s  t h e  angle of bending a. i s  increased by a s m a l l  
amount Aa,, the  decrements of various r a d i i  of curvature \(ao) (n = 0,1,2, 
. . . N )  a r e  
Bence, t h e  new r a d i i  of  curvature r (a1) a r e  
n 
2. The instantaneous ( " logari thmicM) s t r a i n  increments a t  
t h e  extreme f i b e r s  of t h e  various l ayers  a r e  
This expression gives  t e n s i l e  c i rcumferent ia l  s t r a i n  increments Ace f o r  
f i b e r s  outs ide  t h e  n e u t r a l  surface  ( r  > c )  and compressive c i rcumferent ia l  
n 
s t r a i n  increments Ace f o r  f i b e r s  ins ide  t h e  n e u t r a l  surface  (m < c ) .  
3. The new angle of bending al can be  computed from t h e  
incompress ib i l i ty  condit ion 
In  Equation (3.25) , Lo i s  t he  o r ig ina l  length of t h e  f l a t  laminated sheet .  
4. When t h e  angle of bending is  a t h e  length of t h e  
0 ' 
extreme f i b e r s  of t h e  n th  l ayer  is  
When t h e  angle of bending i s  increased t o  a t h e  length of t h i s  f i b e r  1 
becomes 
~ ~ ( a ~ )  = L o l n  a r (5) ( n  = 0 ,  1, * . .  N) (3.28) 
Hence, t h e  change of f i b e r  length during p l a s t i c  bending from a t o  a i s  
0 1 
5. I f  t h e  tension (per  un i t  width applied t o  t h e  ends of t h e  
sheet)  necessary t o  balance t he  pressures p ( a  ) and p. ( a  ) during 
0 0 1 0  
bending is  kept constant ,  t h e  new pressures at  t h e  angle of bending a 1 
are  according t o  Equation ( 1 5 )  on Page 292 of Reference 30. 
6. Neglecting t he  e l a s t i c  s t r a i n s ,  Equation (3 .16) ,  we have 
t he  cumulated instantaneous "logarithmic" o r  "natural" s t r a i n  a t  r = r 
n 
as  a = a according t o  Equation (3.24) 1 
The "conventional" o r  "engineering" c i rcumferent ia l  s t r a i n  due t o  p l a s t i c  
bending i s  from Equation (3.28).  ( s e e  Reference 30,Page 9 )  
which corresponds t o  t h e  "logarithmic" c i rcumferent ia l  s t r a i n  of 
For i n f i n i t e s i m a l l y  small bending angle increments, t h e  values of t h e  
logarithmic s t r a i n s  computed i n  Equations (3.31) and (3.33) should agree. 
Hence, comparison of these  values can serve  a s  a guide t o  t h e  choice of 
s t e p  s i z e  Aa/2a f o r  t h e  computation. 
c .  Location of Neutral Surface as  a = a, 
When \ (a l )  ( n  = 0 ,  1, . . . N ) ,  po(al) and pi(al) a r e  
obtained i n  ( b )  , t h e  s t eps  i n  ( a )  can be  repeated wi th  
a. 
replaced by 
a t o  compute t h e  constants  c n ( a  ) and D (a1) and t h e  loca t ion  of t h e  1 1 n 




which i s  i n  t n e  qlth l ayer  of the laminated sheet  
d,  S t r a i n  Increments as a i s  Increased by Aa 
s S 
The s t e p s  ( b )  and ( c )  can be repeated f o r  successive incre-  
ments of t h e  bending angle a During t h e  increment of a by a small 
s 
amount Las, we have t h e  following expressions f o r  t h e  r a d i i  of curvature ,  
s t r a i n s ,  elongations,  pressures, and the location of the neutral 
surface:  
1. The r a d i i  of curvature 
2 .  The instantaneous "logarithmic" s t r a i n  increments 
3.  The new angle of bending 
4. Fiber lengths  
5. Outer and inner  pressures 
6. The cumulated instantaneous logarithmic s t r a i n  a t  r = r 
n 
as  a = a  
s + l  i s  
The conventional circumferential strain due to plastic bending is 
which corresponds to the logarithmfc circumferential strain 
7. Location of the neutral surface at a = a is 
s 
D a - c (as) 
Exp . 
c(as) = 
where C (as) and D (as) are computed according to Equations (3.18) 
q 9s 
and (3.197 with a replaced by a . 
0 s 
e. Total Pbastic Bending Strains as a = a s 
After S number of small increments of the bending angle 
a, the radii of curvature for various layers (n = 0, 1, 2, ... N) are 
The o u t e r  and i n n e r  p re s su re s  a r e  
The cumulated ins tan taneous  logar i thmic  s t r a i n  at r = \ ( a s )  i s  
0 1 S y n S  r ( a ) ]  = s 9 n s  r ~ a ]  =g[ ' - -  
The convent ional  c i r cumfe ren t i a l  s t r a i n  at r = % ( a s )  i s  
which corresponds t o  t h e  logar i thmic  s t r a i n  
S ince  t h e  i n i t i a l  t h i ckness  of t h e  laminated s h e e t  ( b e f o r e  
p l a s t i c  bending s t r a i n s  s e t  i n )  i s  
and t h e  t h i c k n e s s  as a = as i s  
t h e  t o t a l  t h inn ing  of t h e  laminated shee t  a s  a i s  inc reased  from a t o  
0 
as i s  
111.4 Conclusions 
The numerical  s o l u t i o n  f o r  t h e  p l a s t i c  bending s t r a i n s  i n  a s i n g l e  
f o l d  mul t i l aye red  b ladder  by t h e  "forward" computational procedure has been 
formulated. This  procedure r e q u i r e s  computation of  t h e  e l a s t i c  s t r a i n s  
be fo re  p l a s t i c  s t r a i n s  s e t  i n  b u t  has t h e  advantage of spec i fy ing  t h e  
i n i t i a l  t h i cknesses  of t h e  l a y e r s .  Table 3-1 shows some t y p i c a l  numerical 
r e s u l t s  generat2d us ing  t f e  computer program developed f o r  t h i s  a n a l y s i s .  
Table 3-1 - Typical  Numerical Resu l t s  
Folded Unfolded Cumulated 
Layer Material K (PS I )  Thickness Thickness Log S t r a i n  
(In.)  ( In , )  
[To ta l ]  [To ta l ]  
Case 4F (Folded Inner  Radius = 0.0127 in . )  Forward Ca lcu la t ion  
Inner  





111.5 Task 2.2: F i n i t e  Element Model 
When s h e a r  deformations a r e  inc luded ,  i t  i s  necessary t o  consider  
d e r i v a t i v e s  i n  both t h e  r a d i a l  and c i r c u m f e r e n t i a l  d i r e c t i o n s ,  r and 8. 
To perform t h i s  a n a l y s i s ,  a two-dimensional " f i n i t e  element'' approach 
has been developed. The a n a l y s i s  c l o s e l y  p a r a l l e l s  a previous s tudy  
performed by TRW Systems which c a l c u l a t e s  e l a s t i c - p l a s t i c  s t r e s s e s  and 
s t r a i n s  f o r  two-dimensional reg ions .  However, i n  t h e  p re sen t  formulat ion,  
l a r g e  s t r a i n s  and displacements  a r e  cons idered ,  i n  a d d i t i o n  t o  e l a s t o -  
p l a s t i c  behavior .  
A review of t h e  l i t e r a t u r e  revea led  t h a t  t h e r e  was no f i n i t e  element 
computer code a v a i l a b l e  which so lved  l a r g e  p l a s t i c  s t r a i n  problems 
accu ra t e ly .  Therefore,  t o  s a t i s f y  t h i s  t a s k ,  TRW Systems developed a 
code which could handle such problems, s i n c e  l a r g e  p l a s t i c  s t r a i n s  
do indeed develop i n  s i n g l e  (and double) f o l d s .  This method is  based 
upon an incrementa l  v a r i a t i o n a l  p r i n c i p l e  which is used i n  a piece-wise 
l i n e a r  s o l u t i o n  procedure. An equ i l i b r ium check and c o r r e c t i v e  cyc l ing  
method a r e  included i n  t h e  formulat ion which prevents  t h e  computer 
s o l u t i o n  from s t r a y i n g  from t h e  " true" s o l u t i o n .  The p re sen t  formulat ion 
c o n s t i t u t e s  a major c o n t r i b u t i o n  t o  t h e  s ta te -of - the-ar t  i n  nonl inear  
s o l i d  mechanics, and w i l l  be  presented i n  d e t a i l  i n  t h e  fol lowing s e c t i o n s .  
Also included is  a l i t e r a t u r e  survey of  e x i s t i n g  a l t e r n a t e  f i n i t e  element 
s o l u t i o n  procedures .  
111.5.1 In t roduc t ion  and L i t e r a t u r e  Search 
C l a s s i c a l  mechanics, d e s p i t e  i t s  inc reas ing  s o p h i s t i c a t i o n ,  i s  
capable of s o l v i n g  only h igh ly  i d e a l i z e d  s t r u c t u r a l  a n a l y s i s  problems. 
This s i t u a t i o n  i s  e s p e c i a l l y  obvious f o r  problems involv ing  phys i ca l  
o r  m a t e r i a l  n o n l i n e a r i t i e s .  For t h i s  reason ,  an a l t e r n a t e  approach t o  
such problems, using t h e  f i n i t e  element method, has  become inc reas ing ly  
popular .  I n  t h e  f i n i t e  element approach, t h e  s t r u c t u r e  o r  continuum 
is modeled by a network of d i s c r e t e  s imple  s t r u c t u r a l  components, c a l l e d  
f i n i t e  elements.  These elements a r e  jo ined  toge the r  a t  common nodal  
p o i n t s ,  and t h e  gross  behavior  of t he  c o l l e c t i o n  of such nodal p o i n t s  
s imula tes  t h e  behavior  of t h e  s t r u c t u r e .  The f i e l d  v a r i a b l e s ,  such a s  
i n t e r n a l  displacements ,  a r e  approximated w i t h i n  each element by i n t e r -  
p o l a t i o n  on nodal  p o i n t  va lues .  An energy p r i n c i p l e  is  used t o  gene ra t e  
t h e  f i e l d  equat ions  f o r  each element. These equat ions  a r e  assembled, 
u s ing  compatabi l i ty  of common node p o i n t  v a l u e s ,  t o  form t h e  f i e l d  
equat ions  f o r  t he  e n t i r e  s t r u c t u r e .  S t r u c t u r e s  of var ious  types ( p l a t e s ,  
s h e l l s ,  s o l i d s ,  e t c . ) ,  and of r a t h e r  a r b i t r a r y  geometr ies ,  can be  modeled 
using t h i s  procedure by c a r e f u l  s e l e c t i o n  of t h e  f i n i t e  element charac- 
t e r i s t i c s .  Nonlinear s t r u c t u r a l  response can a l s o  be  s tud ied  us ing  t h e  
f i n i t e  element procedure. I n  t h e  fol lowing s e c t i o n s  a l i t e r a t u r e  review 
i s  presented  i n  which f i n i t e  element approaches t o  continuum problems 
involv ing  geometric n o n l i n e a r i t i e s ,  m a t e r i a l  n o n l i n e a r i t i e s ,  and combined 
geometric and m a t e r i a l  n o n l i n e a r i t i e s  a r e  surveyed. Following t h i s  
review, a new s o l u t i o n  procedure f o r  gene ra l  nonl inear  s t a t i c  s t r u c t u r a l  
response problems i s  g iven ,  which was used f o r  a l l  work repor ted  he re in .  
Many au tho r s  have appl ied  t h e  f i n i t e  element method t o  geometr ica l ly  
nonl inear  problems (Refs. 33 - 39).  From t h i s  work, b a s i c a l l y  t h r e e  c l a s s e s  
of f i n i t e  element formula t ions  can  be  def ined;  Class I - Incremental  
methods wi thout  equ i l i b r ium checks; Class I1 - Direc t  s o l u t i o n s  of t h e  
governing nonl inear  equat ions ;  and Class I11 - Incremental  methods wi th  
equi l ibr ium checks. 
H i s t o r i c a l l y ,  Class  I was t h e  f i r s t  f i n i t e  element approach t o  
so lv ing  geometr ica l ly  nonl inear  problems (Refs . 33, 40, 41) . I n  t h i s  method, 
t h e  load is app l i ed  t o  t h e  s t r u c t u r e  i n  s m a l l  increments ,  and t h e  incrementa l  
displacements  due t o  each load s t e p  a r e  determined. Incremental  s t r e s s e s  
and s t r a i n s  are computed a t  each s t e p  and used i n  t h e  fo l lowing  load  
s t e p .  Although t h i s  method is computat ional ly very  f a s t ,  i t  has  t h e  
disadvantage t h a t  equ i l i b r ium a t  any p a r t i c u l a r  load  l e v e l  is  n o t  n e c e s s a r i l y  
s a t i s f i e d .  No a t tempt  i s  made t o  determine i f  equ i l i b r ium requirements  
a r e  indeed met ,  and t h e  same problem must be  r epea t ed ly  solved us ing  
succes s ive ly  smaller load  s t e p s  t o  a s s e s s  t h e  s o l u t i o n  accuracy. 
The d i r e c t  s o l u t i o n  method (Class 11)  involves  apply ing  t h e  t o t a l  
load  t o  t h e  s t r u c t u r e  and computing the  t o t a l  response by us ing  mathematical 
i t e r a t i v e  techniques.  This approach may b e  subdivided i n t o  two d i s t i n c t  
c a t e g o r i e s ;  ( a )  d i r e c t  minimizat ion of t h e  p o t e n t i a l  energy; and (b)  d i r e c t  
s o l u t i o n  of t h e  nonl inear  a l g e b r a i c  equ i l i b r ium equat ions .  
References 37and 42 employ mathematical programming methods t o  
numerical ly  minimize t h e  p o t e n t i a l  energy f u n c t i o n a l .  An advantage of 
t h i s  method is  t h a t  minimum computer s t o r a g e  i s  r e q u i r e d  s i n c e  no system 
s t i f f n e s s  ma t r i ce s  a r e  assembled; r a t h e r ,  t h e  p o t e n t i a l  energy f o r  t h e  
system i s  obta ined  simply as t h e  'Zcalar sum of t h e  ene rg i e s  of t h e  i n d i v i d u a l  
elements.  However, i f  second o r d e r  g rad ien t  methods a r e  used t o  perform 
t h e  energy sea rch ,  i n  o r d e r  t o  speed convergence, t h i s  advantage disap-  
pears .  Add i t i ona l ly ,  on ly  s t a b l e  equ i l i b r ium conf igu ra t ions  can  be de- 
termined, making t h e  i n t e r p r e t a t i o n  of t h e  r e s u l t s  aw'kward i n  some cases  
(Ref. 43) .  
I n  t h e  second ca tegory  mentioned under Class 11, mathematical 
i t e r a t i v e  methods are app l i ed  t o  t h e  governing non l inea r  equ i l i b r ium 
equat ions .  Oden (Ref. 38) has  app l i ed  t h i s  scheme s u c c e s s f u l l y  t o  non l inea r  
e l a s t i c i t y  problems. Newton-Raphson i n t e r a t i o n  was used t o  s o l v e  t h e  
equ i l i b r ium equat ions .  
A major disadvantage of bo th  Class  I1 methods i s  t h a t  they a r e  not  
app l i cab le  t o  pa th  dependent problems, such a s  p l a s t i c  deformation. A 
summary of t h e  Class  I and I1 methods is g iven  i n  Ref. 34. 
The t h i r d  c l a s s  of s o l u t i o n  techniques involves  determining t h e  
incremental  s o l u t i o n s  due t o  a series of load s t e p s  and applying equ i l i b r ium 
checks and ( i f  necessary)  c o r r e c t i o n s ,  t o  t h e  s o l u t i o n .  Unlike Class  I ,  
t h i s  method i n s u r e s  t h a t  t h e  s o l u t i o n  s a t i s f i e s  equ i l i b r ium throughout 
t h e  loading h i s t o r y  (Refs. 44, 35, & 36).  This procedure w a s  in t roduced  
by Wissmann (Ref. 44). There are numerous computat ional  schemes t h a t  
a r e  a s s o c i a t e d  wi th  t h i s  c l a s s .  For example, i n  o r d e r  t o  minimize computer 
t ime, Ref. 3 5 c o r r e c t s  f o r  equ i l i b r ium a t  only every f o u r  s t e p s .  Ref. 36 
i t e r a t e s  a t  every load s t e p  t o  s a t i s f y  equ i l i b r ium,  b u t  does n o t  n e c e s s a r i l y  
use  t h e  "exact" incrementa l  s t i f f n e s s  mat r ix .  Ref. 44 uses  a "progress ive  
i t e r a t i o n  w i t h  back-subs t i tu t ion"  method f o r  each load  s t e p .  The p r e s e n t  
approach uses  t h e  c l a s s  111 method wi th  two d i f f e r e n t  computational 
ref inements .  The f i r s t  is  t o  i n t e r a t e  a t  each load l e v e l ,  us ing  t h e  
1 I exact"  s t i f f n e s s  mat r ix ,  u n t i l  equ i l i b r ium i s  s a t i s f i e d .  The second 
technique is  s i m i l a r  t o  t h e  Class I approach b u t  a t tempts  t o  c o r r e c t  f o r  
equi l ibr ium a t  each load  s t e p  by us ing  t h e  unbalance f o r c e  from one s t e p  
a s  a pseudo load  i n  t h e  nex t  s t e p .  This method i s  computat ional ly 
equiva len t  t o  Class I b u t  has  t h e  advantage t h a t  t h e  s o l u t i o n  is  cont inuously 
monitored and improved. 
Other types  of nonl inear  problems which have been solved us ing  t h e  
f i n i t e  element procedure d e a l  w i th  m a t e r i a l  n o n l i n e a r i t i e s ,  i n  p a r t i c u l a r  
e l a s t o - p l a s t i c  behavior .  Two gene ra l  methods have been developed f o r  
t h e  e l a s t o - p l a s t i c  a n a l y s i s  of s t r u c t u r e s .  These are, ( a )  t h e  i n i t i a l  
s t r a i n  method, and (b) t h e  tangent  modulus method. 
The i n i t i a l  s t r a i n  method (Refs. 45 & 46) t r e a t s  t h e  p l a s t i c  s t r a i n s  
a t  each incrementa l  load  s t e p  a s  i n i t i a l  s t r a i n s  f o r  t h e  next  load s t e p .  
I n  t h i s  method, p l a s t i c i t y  e f f e c t s  a r e  taken  i n t o  account  as pseudo 
loads ,  and t h e  e l a s t i c  s t i f f n e s s  ma t r ix  i s  used throughout t h e  e n t i r e  
loading process .  The advantage of t h i s  method i s  t h a t  f o r  s m a l l  d i s -  
placements problems, t h e  governing s t i f f n e s s  m a t r i x  need b e  b u i l t  and 
"inverted" on ly  once. 
The tangent  modulus method (Refs. 39, 47,  48, 49, and 50), on the  
o the r  hand, is  based upon t h e  incrementa l  s t r e s s - p l a s t i c  s t r a i n  laws of 
p l a s t i c i t y .  I n  t h i s  method, p l a s t i c i t y  e f f e c t s  are accounted f o r  i n  
t h e  s t i f f n e s s  ma t r ix ,  which is  updated a t  each load  s t e p .  It should 
be  noted t h a t  when so lv ing  l a r g e  d e f l e c t i o n  problems by t h e  incremental  
methods (Classes  I and I I I ) ,  a new s t i f f n e s s  ma t r ix  i s  r equ i r ed  a t  each 
load  s t e p .  Thus, t h e  l a r g e  d e f l e c t i o n  incremental  methods combine w e l l  
w i th  t h e  tangent  modulus method, s i n c e  i t  a l s o  r e q u i r e s  a new s t i f f n e s s  
ma t r ix  a t  each load s t e p .  A s  pointed o u t  i n  Ref. 51, t h e  tangent  modulus 
method o f f e r s  t h e  a d d i t i o n a l  advantage of us ing  l a r g e r  load increments 
than  when us ing  t h e  i n i t i a l  s t r a i n  method. 
Only a few re fe rences  have been found i n  which both geometric non- 
l i n e a r i t i e s  and p l a s t i c i t y  a r e  t r e a t e d  w i t h i n  t h e  framework of f i n i t e  
element theory  (Ref. 39, 50, and 52).  Refs.  39 and 50 use  a Class  I 
method w i t h  t h e  tangent  modulus approach, wh i l e  Ref. 52 uses  a Class  I 
method wi th  t h e  i n i t i a l  s t r a i n  approach. 
The p r e s e n t  approach develops t h e  governing incremental  f i n i t e  
element equat ions  f o r  l a r g e  s t r a i n ,  e l a s t o - p l a s t i c  problems. The 
formula t ion  presented  i s  similar t o  t h a t  given by Fe l ippa  (Ref.39) but  
uses  a d i f f e r e n t  v a r i a t i o n a l  p r i n c i p l e .  The d e r i v a t i o n  of Ref .39 i s  
based on on incrementa l  v a r i a t i o n a l  p r i n c i p l e  t h a t  assumes t h e  s t r e s s e s  
a t  t h e  r e f e rence  s t a t e  a r e  i n  equ i l i b r ium wi th  t h e  appl ied  loads .  This 
l eads  t o  a n  incremental  f i n i t e  element formulat ion which does no t  check 
t o  determine i f  equ i l i b r ium is s a t i s f i e d  ( i . e . ,  Class  I method). The 
p re sen t  method does no t  assume a p r i o r i  t h a t  t h e  r e f e rence  s t a t e  is  i n  
equi l ibr ium.  Consequently, t h e  v a r i a t i o n a l  p r i n c i p l e  used h e r e i n  l eads  
t o  a Class  111 formula t ion ,  and equ i l i b r ium i s  checked and con t ro l l ed  
throughout t h e  loading h i s t o r y .  
111.5.2 Incremental  Var i a t iona l  P r i n c i p l e  
I n  t h i s  s e c t i o n ,  t h e  genera l  formula t ion  of t h e  piece-wise l i n e a r  
incremental  s o l u t i o n  of s t r u c t u r e s  problems, involv ing  both m a t e r i a l  and 
geometric n o n l i n e a r i t i e s ,  w i l l  be  presented .  This formulat ion i s  based 
on an incrementa l  v a r i a t i o n a l  p r i n c i p l e  a s  given by Washizu (Ref, 53). 
I n  t h e  incrementa l  v a r i a t i o n a l  p r i n c i p l e ,  t h e  body i s  considered a t  an 
an a r b i t r a r y  reference s t a t e  R of the  load path (See Figure 3-2). 
f i n a l  - 
current  
o r i g i n a l  
T 
0 
l o c a l  ( i n i t i a l )  
coordinates 
coordinates 
Figure 3-2 - Incremental Procedure 
It i s  assumed t h a t  a l l  s t a t e  var iables  a r e  known a t  the  reference s t a t e  
. The reference  s t a t e  'R may be regarded a s  t h e  i n i t i a l  s t r e s s e d  
s t a t e  f o r  determining t h e  s t r e s s e s ,  s t r a i n s  and displacements of the  
current  state yC. The cur ren t  s t a t e  i s  assumed t o  be incrementally 
c lose  t o  the  reference  s t a t e  ( i .  e.  , 'C = yR + A') . The l o c a l  i n i t i a l  
coordinate system Xi f o r  an element i n  t h e  body i s  taken as  a Lagrangian 
frame fo r  t h e  current  s t a t e  'C. This coordinate system i s  assumed t o  be 
inscr ibed on t h e  body, and when t h e  body deforms i n  going from TR t o  'C 
these  coordinates a l s o  become deformed (convected). The global  reference 
system X i s  used t o  assemble a l l  t h e  elements of t h e  d i sc re t i zed  body. i 
For some problems i t  is  convenient t o  l e t  the  l o c a l  coordinate system 
X. and t h e  g lobal  coordinate systems X coincide.  
1 i 
Let Aui(i = 1,2,3)  (measured along the  X. coordinate d i rec t ion)  
.1 
be  t h e  incrementa l  d e f l e c t i o n s  of a p o i n t  i n  t h e  body i n  going from 
'T R t o  yC,  t hen  
desc r ibes  t h e  r e l a t i o n s h i p  between t h e  convected l o c a l  coo rd ina t e s  
( cu r r en t  coo rd ina t e s )  and t h e  i n i t i a l  coord ina tes .  
Consider a s t r u c t u r e  a t  t h e  beginning of a p a r t i c u l a r  loading  
increment N. At t h i s  t i m e ,  t h e  i n i t i a l  coo rd ina t e s  X, and c u r r e n t  
I 
coordina tes  x a r e  i d e n t i c a l .  Assume t h a t  s t r e s s e s  u i j  ( o ) ,  s u r f a c e  
t r a c t i o n s  T i and body f o r c e s  F i a r e  a c t i n g  on t h e  s t r u c t u r e  a t  
t h i s  t ime,  i .e . ,  p r i o r  t o  t h e  a d d i t i o n  of t h e  increment of load  f o r  s t e p  
N. These s t r e s s e s  and loads  a r e  w i th  r e s p e c t  t o  t h e  i n i t i a l  coo rd ina t e  
a x i s  and a r e  r e f e r r e d  t o  a u n i t  o f  a r e a  be fo re  t h e  a d d i t i o n  of t h e  load 
increment.  The s t r e s s e s  a r e  t h e r e f o r e  " t rue" stresses. For f u t u r e  
r e f e rence ,  t h e  a r e a  and volume of an  element b e f o r e  t h e  load  increment 
i s  appl ied  w i l l  be  r e f e r r e d  t o  as t h e  "undeformed" a r e a  and volume, 
r e s p e c t i v e l y .  The a r e a  and volume a f t e r  t h e  load  increment i s  app l i ed  
w i l l  be  r e f e r r e d  t o  as t h e  "deformed" area and volume, r e s p e c t i v e l y .  
Next, impose on t h e  s t r u c t u r e  t h e  incrementa l  s u r f a c e  t r a c t i o n  AT and i 
body f o r c e  AF These g ive  rise t o  a d d i t i o n a l  s t r e s s e s  ha incrementa l  i ' i j  ' 
displacements  Aui, and d i s t o r t  t h e  coord ina tes  x Thus t h e  t o t a l  i * 
s t r e s s e s ,  s u r f a c e  t r a c t i o n s ,  and body f o r c e s  a t  t h e  end o f  load increment 
N ( a t  S t a t e  'TC) a r e  given by 
The s t r e s s  t enso r  a i s  t h e  Kirchoff s t r e s s ,  which i s  r e f e r r e d  t o  a i j 
u n i t  of a r e a  be fo re  t h e  a d d i t i o n  of t h e  incremental  loads  f o r  s t e p  N 
("undef ormed" a r e a ) ,  b u t  are wi th  r e s p e c t  t o  t h e  c u r r e n t  (convected) 
axes x (Ref. 54). Likewise, T. and F. a r e  r e f e r r e d  t o  "undeformedl' i 1 1 
a r e a  and convected axes.  
From Ref. 53, t h e  p r i n c i p l e  of v i r t u a l  work i s  
For t h e  i n i t i a l  s t r e s s  problem, Eq. (3.55a) becomes, f o r  incrementa l  
load s t e p  N, 
where AEij i s  t h e  incrementa l  Green's s t r a i n  t e n s o r ,  and a l l  i n t e g r a l s  
a r e  r e f e r r e d  t o  t h e  "undeformed" volume of t h e  element.  The s t r a i n  
tensor  can b e  w r i t t e n  a s  
S u b s t i t u t i n g  Eq. (3.56) i n  (3.55b) g ives  
where 6ki i s  t h e  Kronecker De l t a  func t ion .  
Rearranging Eq. (3.57) l e a d s  t o  
The incrementa l  c o n s t i t u t i v e  l a w  i n  Lagrangian v a r i a b l e s  is  (Ref. 54)  
where Cijka may inc lude  t h e  e f f e c t  of p a s t  loading h i s t o r y ,  a s  i n  
e l a s t i c - p l a s t i c  problems. Various forms of t h e  c o n s t i t u t i v e  l a w  a r e  
considered i n  more d e t a i l  i n  a  l a t e r  s e c t i o n .  Using Eq. (3.59) i n  
(3.57) and neg lec t ing  high o rde r  terms g ives  
AF. 6Au. dV + Ti 6Aui dS + $, (o)~Au - 0  
1 1 i i j  Y J 6Aui .)dV 
If i t  i s  now assumed t h a t  t h e  i n i t i a l  s t r e s s  s t a t e ,  denoted by 
0 (0) i j 9 Ti and Fi('), i s .  i n  equ i l i b r ium p r i o r  t o  t h e  a d d i t i o n  of t h e  
incremental  loads  f o r  s t e p  N ,  then  t h e  l a s t  t h r e e  i n t e g r a l s  i n  Equation 
(3.60) van i sh ,  and t h e  formula t ion  s i m i l a r  t o  t h a t  of Ref. 39 r e s u l t s .  
However, due t o  t h e  numerical incremental  s o l u t i o n  technique f o r  so lv ing  
a l a r g e  s t r a i n  problem, t h e  i n i t i a l  s t r e s s  s t a t e  may not be  i n  equi l ibr ium 
be fo re  load  s t e p  N. As w i l l  be  shown i n  a l a t e r  s e c t i o n ,  i t  i s  p o s s i b l e  
t o  d e r i v e  a n  equ i l i b r ium e r r o r  check i f  t h e s e  terms a r e  r e t a i n e d .  
Note t h a t  t h e  t o t a l  s t r e s s e s  oi j  r e s u l t i n g  from load s t e p  N become 
i n i t i a l  stresses f o r  s t e p  (N+l). For s t e p  N ,  t h e s e  s t r e s s e s  a r e  r e f e r r e d  
t o  a u n i t  of undeformed a r e a ,  and c u r r e n t  axes x . However, f o r  s t e p  i 
(N + l ) ,  t h e s e  s t r e s s e s  must be r e f e r r e d  t o  deformed a rea  and t h e  i n i t i a l  
axes X,. The r e l a t i o n  between Kirchoff stress t enso r  a,, and t h e  Euler ian  
I 
s t r e s s  t e n s o r  o i j (o) is  (Ref. 54) 
where 1 ax/aX 1 is t h e  determinant  of t h e  ma t r ix  [axi/ax.]. Neglecting J 
h ighe r  o r d e r  terms, t h e  i n v e r s e  t ransform of Eq. (3.61) g ives  
as t h e  d e s i r e d  t ransformat ion .  From Equation (3.531, 
g ives  t h e  d e r i v a t i v e s  o f -  Eq. (3.62), and 
t h e  s c a l i n g  f a c t o r .  Using 'Eq. (3.63) and (3.64) i n  (3.62) and neg lec t ing  
h ighe r  o r d e r  terms g ives  
Likewise, t h e  su r face  t r a c t i o n s  transform as 
T?) = (1  - A E ~ ~ ) T ~ ( S ~ ~  + A U , ~ ) .  
111.5-3 Al ternate  Var ia t ional  Statements 
It is i n s t r u c t i v e  t o  consider t h e  way i n  which t h e  present  
formulation d i f f e r s  from those of o the r  i n v e s t i g a t o r s  (Refs. 38,40,55). 
Oden (Ref .  55) uses t h e  o r i g i n a l  undeformed s t r u c t u r e  i n  const ruct ing an 
incremental v i r t u a l  work statement. Therefore, the  s t r a i n s  and displace- 
ments i n  Equation (3.55a) a r e  t o t a l  s t r a i n s  and displacements. 
Since the  undeformed body is taken a s  the  reference s t a t e ,  the  
forces ,  stresses, displacements can be w r i t t e n  a s  
where U(O) is t h e  i n i t i a l  displacement p r i o r  t o  t h e  cur ren t  incremental i 
s tep .  Using Equations (3.67) i n  (3.55a), neglect ing higher order terms, 
and assuming the  i n i t i a l  stress state is i n  equil ibrium gives 
Furthermore, using t h e  c o n s t i t u t i v e  Paw, Equation (3.59) , and t h e  su r f  ace  
t r a c t i o n  transformation, Equation (3.671, and again neglect ing higher  
order  terms, gives 
Note the presence of the  i n i t i a l  displacements u!') i n  Equation (3.69). 
1 
These a r e  not  necessary i n  the  incremental v i r t u a l  work statement of 
Equation (3.60) due t o  the  s e l e c t i o n  of a d i f f e r e n t  frame of reference.  
Mallett and Marcal (Ref. 34) s t a r t  t h e i r  formulation with 
equation (3.55a) but  do - not  neglect  h igher  order  terms a f t e r  the  s t r a i n -  
displacement and s t r e s s - s t r a i n  r e l a t i o n s  have been s u b s t i t u t e d  i n t o  the  
v i r t u a l  work statement. This gives 
P 
I n  a l a t e r  sec t ion ,  i t  w i l l  be shown how t h e  various v i r t u a l  work s t a t e -  
ments l ead  t o  d i f f e r e n t  f i n i t e  element formulations, 
111.5.4 Const i tu t ive  Law 
I n  t h i s  sec t ion ,  t h e  c o n s t i t u t i v e  law used f o r  t h e  work reported 
he re in  w i l l  b e  considered. Equation (3.59) gives t h e  general  form which 
w i l l  be  spec ia l i zed  f o r  e l a s t i c  and e l a s t o - p l a s t i c  problems. For planar 
problem, t h e  stresses and s t r a i n s  w i l l  be arranged i n  a vector  as 
It should be noted t h a t  f o r  plane stress, aj3 = 0, and f o r  plane s t r a i n ,  
E33 = 0. I n  matrix form (which is more convenient f o r  the  f o l l o w i ~ g  
development) , the  s tress-s t r a i n  l a w  becomes 
where [C] is a 4 x 4 ma t r ix  conta in ing  t h e  Cijldl. 
111.5.4.1 E l a s t i c  Behavior 
For plane stress, t h e  [C] ma t r ix  is 
where E is t h e  e l a s t i c  modulus, and 11 i s  Poisson 's  Rat io.  For p l ane  
s t r a i n  and axisymmetric s t r e s s  a n a l y s i s ,  
I n  t h e  fo l lowing  development, t h e  mat r ix  [c,] w i l l  be  r e f e r r e d  t o  a s  
t h e  e l a s t i c i t y  matr ix.  
111.5.4.2 E la s to -P la s t i c  Behavior 
For e l a s t o - p l a s t i c  problems, t h e  s t r a i n s  can b e  considered a s  
being composed of e l a s t i c  po r t ion ,  E ,  and a p l a s t i c  po r t ion ,  IE 1 -  
P 
The t o t a l  incremental  s t r a i n  is then  
where "d" i n d i c a t e s  d i f f e r e n t i a l .  With t h i s  d e f i n i t i o n ,  Equation (3.72) 
becomes 
{do} = ] C ~ E  1
e e (3.76a) 
o r ,  us ing  Equation (3.75) 
{do} = ice] ({dE} - {dEp}) 
I n  order  t o  r e l a t e  s t r e s s e s  t o  t o t a l  s t r a i n s ,  t h e  p l a s t i c  s t r a i n s  i n  
Equation (3.76b) must b e  expressed i n  terms of t o t a l  s t r a i n s .  This is  
considered i n  t h e  fo l lowing  s e c t i o n .  
The flow r u l e  of  p l a s t i c i t y  s t a t e s  (Ref. 51) 
where 
- 
1 sij - Oi j  - 30kk 
a r e  t h e  d e v a t o r i c  stresses, arranged a s  
and H' i s  t h e  s l o p e  of t h e  equiva len t  stress (denoted by a) -equiva len t  
s t r a i n  (e  ) curve 
P 
The Von Mises Yield C r i t e r i o n  g ives  
f o r  two-dimensional problems, D i f f e r e n t i a t i n g  Equation (3.79) i m p l i c i t l y  
l e a d s  t o  
Combining Equations (3.76b) , (3.77) and (3.80a) even tua l ly  l e a d s  t o  
{do} = ice]  ( [ I ]  - [ a ] )  { d ~ }  (3.81a) 
where 
i s  t h e  p l a s t i c i t y  mat r ix .  For p lane  s t r a i n  and axisymmetric s t r e s s  a n a l y s i s ,  
I SYM. 
where 
For p lane  stress 
2 
(s11+uS22) (sll+lJs22) (s22+usll) 0 (1-u) S12 (Sll+lrs22) 
2 (s22+~s11) 
[c , l [nl  = B (3.83a) 
0 0 
SYM. 0 (1-v) 2 S12 2 
where 
Note t h a t  i n  both of the  above cases,B = 0 i f  t h e  s t r u c t u r e  is loading o r  
unloading e l a s t i c a l l y .  
The quant i ty  H' can be decuced from a simple un iax ia l  t e n s i l e  t e s t  
a s  follows. Figure 3-3 shows a b i - l inear  un iax ia l  s t r e s s - s t r a i n  curve, 
Figure 3-3. Uniaxial Test  
where o denotes t h e  y i e l d  stress, E t h e  post-yield modulus, and e t h e  
Y P 
s t r a i n .  From Figure 3-3, 
Rearranging this gives 
or, incrementally 
EE 
do = de E-E p 
P 
Comparing Equation (3.78~) with (3.85b) shows 
E 
II'- - P 
E E-E 
P 
The work reported herein assumes that the material behavior can be approx- 
imated by a bi-linear model such as that shown in Figure 3-3. For this 
model, the behavior can be completely determined by the quantities E, p ,  
E and o . 
P Y 
In summary, the Cijka for elastic problems are given by the matrix 
terms of Equations (3.73) and (3.74), and for elasto-plastic problems by 
Equations (3.81), (3.82), and (3.83). Due to the incremental nature of 
the formulation, many other types of constitutive relations, such as for 
viscoelasticity, nonlinear elasticity, etc., could be considered. 
111.5.5 Finite Element Formulation 
The incremental finite element displacement equilibrium equations can 
be derived from the virtual work statement, Equation (3.60), by interpo- 
lation or node point displacements as 
where gik are the interpolation (or shape) functions, and hi is an incre- 
mental node point displacement. The interpolating functions should satisfy 
certain requirements (Ref. 43) if the numerical Solution is to represent 
an upper bound to the true solution. Substituting Equation (3.87) in (3.60), 
and assuming the variations bar are arbitrary, gives i 
f o r  each element, where 
The terms given i n  Equation (3.88b) form t h e  incremental geometric s t i f f n e s s  
matrix,  and the  terms of Equation ( 3 . 8 8 ~ )  g ives  t h e  conventional incremental 
s t i f f n e s s  matrix.  The incremental loading vector  i s  composed of t h e  terms 
of Equation (3.88d). The components of Equation (3.88e) a r e  r e fe r red  t o  
here in  a s  r e s idua l s ,  s ince  they represent  t h e  e r r p r  l e f t  over from the  
previous loading h i s t o r y .  Due t o  the. approximations introduced by the  
l i n e a r  incremental so lu t ion  procedure, these  r e s i d u a l s  w i l l  no t ,  i n  general ,  
be  zero. 
Once an element type and shape funct ions  have been chosen, and a 
ma te r i a l  law considered; t h e  i n t e g r a l s  of Equations (3.88) can be evaluated,  
-usually i n  closed form. Then Equation (3.88a) becomes 
(GI ( [ k  ] + [k]), {Ar], = + {E IN 
f o r  load s t e p  N.  I f  t h e  f i n i t e  element shape changes during t h e  incremental 
loading process p r i o r  t o  s t e p  N, then some approximations a r e  introduced 
i n  the  i n t e g r a t i o n s  f o r  s t e p  N. This i s  t h e  case f o r  l a r g e  s t r a i n  problems 
i n  which so-called re f ined  elements a r e  used. However, i f  t h e  element s i z e  
i s  kept small  i n  t h e  regions of high strain;the approximation introduced 
should be accurate.  
Next, Equation (3.89) can be evaluated for each discrete element, and 
by considering inter-element compatibility and boundary conditions, these 
can be assembled into a system of linear incremental equilibrium equations 
for the entire structure, 
For load step N, these equations can be easily solved for {AR}~, the nodal 
point displacements. 
111.5.6 Solution Procedure I 
The linear incremental solution technique for nonlinear structural 
response problems proceeds as follows. For the first step, the terms of 
Equation (3.90) are 
and since there are no initial stresses, 
[K(~)I, = 101 
then the linear problem 
is solved. After this first step, and after each succeeding step, nodal 
point coordinates are updated, and total displacements, strains and stresses 
are computed by adding all incremental contributions. The total stresses 
at the end of step N, o must be transformed to o.. 
ij ' 11 (o), initial stresses 
for step (N + l), by using the transformation of Equation (3.65). Note 
that in this type of procedure, the stiffness matrices [K (GI I, and [KJN 
are recomputed for each load step, as indicated by the subscript N. This 
is due to the fact that both stresses (which effect the geometric stiffness 
matrix) and the stress-strain law (which effects the conventional stiffness 
matrix) change during the incremental solution process. For loadings which 
Il follow" the structure, such as normal pressures, the load vector must also 
be updated for each step. 
The step-by-step procedure is shown graphically in Figure 3-4, in 
which R is some measure of deflection, and F a measure of applied force. 
Initially, AF is applied to the structure, with ERl = 0 (no initial un- 1 
balance), and the response R = AR1 computed from Equation (3.90). Note 1 
that, in general, R1 # R1 where the superscript "T" denotes true 
solution. Next, the residual ER2, i.e., the error associated with the 
first incremental step, is computed, after updating displacements, strains 
and stresses. This quantity can be used to check the accuracy of the in- 
cremental procedure, since it represents the unbalance in nodal point 
equilibrium introduced by the linearizing assumptions in the present theory. 
For the second incremental step, the load (4F2 + ER2) is applied, giving 
eventually R The process is continued in this manner. 
F 2 ' 
. 
Figure 3-4* Incremental Solution Process 
It is important to note how this method differs from the incremental 
procedures outlined by other investigators. First, an equilibrium check 
is automatically provided in the form of the residual vector {ER\~. Below 
it is shown how this quantity can additionally be used.to reduce the 
equilibrium unbalance. Also, the addition of the residual vector to the 
force vector, leads to displacements which are closer to the true values 
than would be obtained by using only the incremental force vector. This 
can be seen from the example of Figure 3-4. If just AF2 is added to the 
structure for step 2, instead of (AF + EX2), then R2 would result, which 2 
c\. 
is a poorer approximation to the true displacement than R Therefore, 2 ' 
the omission of the residual vector leads to a load-deflection curve con- 
siderably above the true curve, for structures which "soften" with increas- 
ing load. 
If the structural response is highly nonlinear, even the above procedure 
will lead to computed results which are in error. For these types of pro- 
blems, a Newton-Raphson iteration, which uses the residual vector, can 
be employed to reduce the error in nodal point equilibrium to any desired 
degree. The procedure is as follows. After { A R ~ ~ ,  { E R ~ ~ ,  etc., have been 
computed for step N, all informaiton is updated. Then Equation (3.90) is 
reassembled and resolved using only {ER\ as a load vector. The resulting 
. N 
additional incremental deflections, strains and stresses are added to the 
previous values for step N. A new residual is computed, and the process 
is repeated. In fact, this iteration can be performed at constant load 
as often as desired. In the work reported herein, the ratio of the norms 
of the residual vector and total force vector 
is used to control the iteration by specifying that the corrective cycling 
continue until E is less than some small number. Note that this process 
ts similar to a Newton-Raphson iteration, as can be seen from Figure 3-5. 
In this figure, the stiffness matrix computed for point 1 is used to pre- 
dict @RNll as the response to AFN, as a first approximation to the dis- 
placement h%, Next, the stiffness matrix for point 2 and the load of 
Figure 3-5. Corrective Iteration 
(ER)~ is used to compute (As)2, giving [ (As)1 + (As)2] as the new 
approximation to ARN. Note that (ERN):! is much smaller than (E %)1~ 
indicating the iteration is converging. After suitable accuracy has been 
achieved, the next load increment may be added to the structure. 
111.5.7 Comparison with Other Methods 
In this section, it will be shown how the alternate variational 
statements given in Section 111.5.3 lead to different finite element for- 
mulations and solutions. By substituting Equation (3.87) in (3.69), the 
incremental equilibrium equation 
(GI (k., $. k.. + r..)Ari = Aqi (3.93a) 
11 11 +hij 13 . 
is derived, in which k!!' and L. . are given by Equations (3.88),  and 
13 13 
I n  Equations (3.93), hi is  c a l l e d  t h e  " i n i t i a l  displacement" matr ix  
(Ref. 55),  which is  needed only i f  t h e  motion i s  re fe r red  t o  some pre- 
se lec ted  f ixed reference  frame. Since the  formulation given by Equation 
(3.88a) is re fe r red  t o  t h e  current  conf igura t ion,  hij  i s  not  necessary. 
The term rij is t h e  " i n i t i a l  load" matrix (Ref. 55) t h a t  a r i s e s  due t o  
changes i n  t h e  loading surface  caused by deformation. Again, Equation 
(3.88a) does not contain t h i s  term s i n c e  t h e  transformation of Equation 
(3.66) accomplishes t h e  same e f f e c t .  The incremental load is given by 
Aqi. Note t h a t  no equil ibrium check o r  cor rec t ion  is  included i n  t h e  for-  
mulation of Equation (3.93), and hence it is  a Class I method. It should 
a l s o  be noted t h a t  the  information f o r  "updating" t h e  coordinates,  e t c . ,  
i s  contained e x p l i c i t l y  i n  t h i s  formulation, and the re fo re  need not be  
done a t  t h e  end of each load s t e p  a s  i n  t h e  method presented he re in  
(given by Equations (3.88) ) . 
A d i f f e r e n t  f i n i t e  element formulation is achieved by using the 
in te rpo la t ing  funct ions  i n  Equation (3.70). This gives 
where kij is given i n  Equation (3.88b), and 
Note that this is a total, rather than incremental formulation, and that 
the matrix components n and n (2) are linear and quadratic functions, 
, ij i j 
respectively, of the unknown nodal- point displacements. Reference 34 
derives a linear incremental formulation from Equation (3.94a) as follows: 
where the n and n 
i j (2) terms are evaluated at the known previous solution, i j 
r of the incremental loading process. This is a Class I solution procedure. j ' 
A Class I1 method is used in Ref. 42 by first writing the potential energy 
from Equation (3,94a) as 
and then numerically minimizing this energy to find the unknown nodal 
point displacements. 
The final alternative finite element formulation that will be review- 
ed herein is that of Ref. 56. In this work, the virtual work statement 
o f  Equation (3.57) is considered with the exceptions that, (1) the initial 
stresses are assumed to be in equilibrium, and (2) the stress transformation 
of Equation (13) is included explicitly in the virtual work expression. 
This is also a Class I approach. 
In reviewing this past research on nonlinear structural analysis, 
it can be concluded that the new formulation presented herein has the 
following advantages: 
(1) It can be used for problems with physical or material, or com- 
bined, nonlinearities; 
(2) It checks and corrects for equilibrium at each incremental load 
step ; 
(3) It uses current coordinates. 
In  the  next  sec t ions ,  d e t a i l s  of the  de r iva t ions  of t h e  various terms i n  
Equation (3.88) w i l l  be  presented f o r  severa l  types of f i n i t e  elements, 
i n  order t o  eventually i l l u s t r a t e  t h e  present  method. 
111.5.8 Linear S t r a i n  Triangle 
A t r i angu la r  f i n i t e  element having s i x  node points  was used f o r  the  
plane s t r a i n  ana lys i s  reported herein.  By in te rpo la t ion  on s i x  nodal 
points ,  quadra t ic  displacement v a r i a t i o n s ,  and corresponding l i n e a r  s t r a i n  
va r ia t ions ,  can be admitted within t h e  element. Several a l t e r n a t i v e  
de r iva t ions  of t h e  s t i f f n e s s  matrices f o r  t h i s  element w i l l  be presented, 
s ince  each der ivat ion has i t s  advantages. The element and i ts  displace- 
ment degrees-of-freedom a r e  shown i n  Figure 3-6. 
Figure 3-6. Coordinates f o r  LST 
111.5.8.1 Derivation Following Felippa (Ref. 39) 
The elements kij of Eq.  (3.88a) can be derived very e a s i l y  i f  t h e  
operat ions a r e  carr ied  out i n  " t r iangular  coordinates" (Ref. 39). The 
t r i angu la r  coordinates 5 c2' 5 a r e  defined i n  terms of node point  3 
coordinates (x ,yi),  f o r  node i = 1,2 ,3 ,  a s  i 
where 
The shape functions for a quadratic variation in displacements in terms of 
the triangular coordinates are 
where rl through r12 (Fig. 3-6) are the displacements (the A notation has 
been dropped for brevity). These int&rpolation functions are consistent 
with Eq. (3.87), and thus can be used directly in Eqs. (3.88). 
Substituting Eqs. (3.98) in (3.88~) and carrying out the indicated 
operations gives 
where ki is the i-ch, j-th component of the conventional stiffness 
matrix Ek], and 
where 
is propor t ional  t o  the  transformation matrix from nodal s t r a i n  coordinates 
to  { r  1 coordinates.  In  Equation (3*99b) 
The elements of [N] a r e  given by 
[N121 iN131 
IN221 IN2 3 
SYM 
h [N] = - 4 8A 
and h is t h e  elemental thickness.  
For t h e  e l a s t i c  case, t h e  elements of t h e  [N ] matr ices  of Equation 
i j 
(3.99e) are given by (no summation on i and j) 
and Ciij are shown i n  Eq,  (3.73), wi th  the  exception t h a t  row and column 
3 of Eq. (3.73) a r e  neglected,  given 
f o r  use i n  Eq. (3.100a). For e las to -p las t i c  ana lys i s ,  t o  allow a more 
accurate representa t ion of the  a c t u a l  bladder behavior, t h e  mate r i a l  pro- 
p e r t i e s  w e r e  assumed t o  vary l i n e a r i l y  ins ide  t h e  element. Then in terpola-  
t i o n  can be used i n  t h e  volume in tegra t ion  f o r  t h e  element s t i f f n e s s  matrix 
a s  
where t h e  c i  a r e  in te rpo la t ing  funct ions  and [ c ( ~ ) ]  the  s t r e s s - s t r a i n  
matrix a t  node k. Af ter  performing t h e  i n t e g r a t i o n s ,  t h e  elements of 
[Nij] are 




The individual components C (k) are given by [Ce]([I] - [n]) of E q .  (3.81a), iij j 
where the third row and column are omitted for brevity. 
The geometric stiffness matrix [k can also be computed using the 
interpolating functions of Eq.  (3.98) in Eq. (3.88b). For the case of a 
linear variation in strain and constant material properties over the element, 
the stresses also vary linearly. Therefore, to specify completely the 
stress state in an element, three nodal values of each stress component 
must be known. It is convenient to choose the stress values at the corner 
nodes and designate them as a , a , and T at node i, where i = 1,2,3. 
x.  Y XY 
Then the stress components in Bq. (f.88b) for the geometric stiffness 
matrix can be written in terms of these nodal values as 
where 
Using Equations (3.103) and (3.98) in (3.88b) gives the geometric stiffness 
matrix as 
where 
fo r  i = x,y,xy. 
Tn t he  e las to-plas t ic  case, both t he  s t r a i n s  and the  material  proper- 
t i e s  vary l i n e a r i l y  over the  element. Therefore, s ince  the  s t r e s se s  a re  
a product of the  mater ia l  proper t ies  and the s t r a i n s ,  they vary quadratic- 
a l l y  over the  element. This must be taken i n to  account when the geometric 
s t i f f n e s s  matrix and t h e  res idua l  vector f o r  each element a r e  computed. 
Equations (3.103a) must be redefined by changing i t s  components a s  follows: 
where o is the stress in the x direction at node i, etc. Using Equations 
X i (3- 1061, Eq. (3.105) is replaced by 
The load vector for a uniform surface pressure increment AP on side i 
i (the side opposite node i) can be computed from Eq. (3.88d), giving 
A£, - (AP2b2 + AP3b3) 
h Af2 = - (AP b + AP3b3) 6 1 1  
The last six elements of the incremental load vector, A£ to Af12, can be 7 
computed from the first six, Eqs. (3.108), by replacing bi with ai. The 
quantities a and b. are given in Eq. (3.97b). The first part of the i 1 
residual vector, Eq. (3.88e), can be obtained from the above by substituting 
Pi,, the initial pressure on side i, for APi The other part of the residual 
vector (neglecting body forces) can be computed using the shape functions, 
giving, for a quadratic stress variation, 
h - 
- -  
3 0 {a, al ol[W21{~xy} 
h 
- -  
30 {a) 0 al}[W21 {rxy} 
where {ox} and IT l are found in Eq. (3.1061, and 
xg 
The l a s t  s i x  components of E can be derived from the  f i r s t  s i x ,  Eq. (3.109) i 
by subs t i tu t ing  a  f o r  bi, i n  the  f i r s t  term only, and C-r 1 f o r  {ax], i XY 
and {a 1 f o r  {T 1 ,  i n  the  l a s t  two terms. 
Y XY 
The formulation described above f o r  plane s t r a i n  nonlinear f i n i t e  
element analys is  has been programmed. Some example problems and a  de ta i l ed  
descr ip t ion of the  code w i l l  be given i n  l a t t e r  sections.  
111.5.8.2 Alternate  Derivation - Linear S t r a i n  Triangle 
When the  f i r s t  load increment has been applied t o  a s t r u c t u r e  modeled 
by the  t r i a n g u l a r  f i n i t e  elements of Figure 3-6, the s ides  of each element 
w i l l  become curved. Therefore, i n  subsequent increments, an undesirable 
e r r o r  w i l l  be introduced i n t o  the analys is  by assuming the  s ides  of the  
elements remain s t r a i g h t .  For t h i s  reason, an a l t e r n a t e  formulation of the  
l i n e a r  s t r a i n  t r i a n g l e  wa& eonsidered which could be extended t o  a curved- 
sided t r i a n g u l a r  f i n i t e  element. This element could a l s o  be used t o  model 
s t r u c t u r e s  whose s ides  a r e  i n i t i a l l y  curved. The der ivat ion given below 
follows c losely  the work of Greenbaum (Reference 57) ,  who used t h e  procedure 
f o r  axisymmetric s t r e s s  analys is .  
The displacements of the  t r i a n g l e  of Figure 3-6 a r e  assumed t o  be 
{ v  (x,y>I = [+ (x.Y)I { A )  
Evaluating Eq- ( 3 . l l l a )  a t  t h e  nodal point  of t h e  t r i a n g l e  g ives  
{ = [MI 1 ~ 1  
(3.  l l l b )  
Inve r t ing  t h i s  gives 
{ A ) = [MI-' { r 1 
By using Eq. (3.113) i n  (3.111b) 
{ V  (x,Y)} = M (X,Y)I I M I - ' { ~ }  = [@I (r} (3.114) 
The displacements i n  the  element a r e  obtained i n  terms of the  nodal  dis-  
placements { r ) .  Therefore, the  terms of the  matr ix  [ a ]  a r e  analogous t o  
the  i n t e r p o l a t i n g  funct ions  given i n  E q e  (3.98). 
The conventional s t i f f n e s s  matrix can be derived by considering the 
l i nea r  strain-displacement re la t ionships  
Using ~ q .  (3.114) i n  (3.115) gives t he  s t r a i n s  i n  terms of nodal displace- 
ment s 
where 
The s t r e s s - s t r a in  r e l a t i on  is [;} = SYM 1:: :I{:;] 
XY C33 Yxy 
1 = I C I { s ( x , y ) {  
By v i r t u a l  work, the  s t i f f n e s s  matrix is  
where the  s t i f f n e s s  matrix i n  ( A )  coordinates is 
and V is the  volume of the  element. The terms of the  matrix ins ide  the  
in tegra l  a r e  given i n  Eq . (3.119b). 




From Eq. (3.119b), only the following integrals need be evaluated: 
By using a form of Green's Theorem (Reference 57) and OV = h dx dy, the 
above integrals can be transformed to 
To illustrate how such integration can be performed, Eq. (3.121) will 
be evaluated for the case of a straight-sided triangular finite element, 
shown in Figure 3-70 
Figure 3-7. Evaluation of a Straight-Sided 
Triangular Finite Element 
The equat ion  f o r  s i d e  i i s  y = c + si x. Evalua t ing  t h e s e  equa- i 
t i o n s  a t  t h e  corner  p o i n t s  g ives  
- 
Y3 - c + s x  3 3 3  
- 
Y 1  - c 3 + s x  3 1 
Solving each p a i r  of t h e  above f o r  t h e  c and si g ives  i 
y2-y1 s = -  c = y - s x  = X2Y1-X1Y2 1 X2-X1 1 1 1 1  X2-X1 
- Y3-Y2 - y - s x  = X3Y2-X2Y3 S2 - X3-X2 C2 - 2 2 2  X3-X2 
Using Eq. (3.123) i n  the  first of  Eq. (3.121) g i v e s  
2 3 1 
V = - h / y d x  = - h /  y d x - h j  y d x - h /  y d x  
C 1 2 3 
Af te r  c a r r y i n g  o u t  t h e  ope ra t ions ,  
where A i s  given i n  Eq, (3.97b). Simarly, t he  other in tegra l s  a r e  
with 
Using Eq. (3.125) i n  (3.119) and the  r e s u l t  i n  (3.118) gives the  conven- 
t i ona l  s t i f f n e s s  matrix. 
The geometric s t i f f n e s s  matrix i n  ( A }  coordinates can be derived by 
using Equation (3.58) giving 
where 
From Equation (3 111a) 
where 
where 
and the elements K' are given in Eq. (3.131b). Gi j 
KL36 
= 2Y T22 
2 
= 4~ T ( 2 6 4 4  11 = 2 Xy Tll + X T12) K'46 = 4x57 T 1 2  
- 2 2 
Ki55 
- Y + 2XY TI2 + X T22 = 2(y2 T~~ + XY r 22 ) 
K'5 6 
2 
= 4~ T22 (3 * 131b) 
KL66 
The geometric stiffness in r eoordirtates is then 
The f o r c e  vector  f o r  uniform pressure  can s i m i l a r l y  be computed. For 
example, f o r  a  uniform pressure on s i d e  3 of Figure3-7 of (P +LIP3) 3 
where 
The expressions f o r  pressure loadings on t h e  o the r  s ides  can be obtained 
by permuting t h e  indices  i n  Eq. (3.134) a s  follows 
Side Index Index 
The o the r  por t ion  of the load vector ,  t h a t  due t o  t h e  unbalance of the  
i n i t i a l  stress f i e l d ,  can be deduced 
where 
111.5.8.3 Integrations for Curved Sides 
A l l  the above formulas would apply to  an element with curved s ides ,  as 
shown i n  Figure 3-8 except the integrations of Equation (3.125). 
I - X 
Figure 3-8, Curved-Sided Element 
To perform the volume integrations for a curved sided element, consider 
that the three-points on side i determine a parabola 
The constants can be found by evaluating this expression at the nodal 
points along side i, For example, for side l, 
Inverting these relations gives 
Eq.  (3.141) lists all the necessary constants. These can then be used to 
derive closed-form expressions for the integrals of E q e  (3e119a) For 
example, 
The other integrals can similarly be evaluated. 

111.5.9 Numerical Examples 
The plane s t r a i n  de r iva t ion  given i n  Section 111.5.8.1 was programm- 
ed i n  FORTRAN I V  f o r  operat ion on TRW's CDC 6500 computer. The program has 
t h e  opt ion t o  perform e i t h e r  a s i n g l e  fo ld  bladder ana lys i s ,  o r  a general  
e l as to -p las t i c ,  l a r g e  de f lec t ion  plane s t r a i n  analys is .  The program i t s e l f  
is described i n  d e t a i l  i n  a separa te  document. I n  t h i s  sec t ion ,  severa l  
example problems are presented f o r  which a l t e r n a t e  so lu t ions  have been ob- 
tained.  I n  a l l  cases ,  t h e  computer r e s u l t s  generated here in  agree very 
w e l l  w i th  previous published so lu t ions ,  giving a high degree of confidence 
t h a t  t h e  program w i l l  conduct the  s i n g l e  f o l d  bladder ana lys i s  accura te ly .  
11.5.9.1 Hollow Cylinder 
To i n v e s t i g a t e  t h e  appl ica t ion of t h e  theory presented he re in  t o  
e las to -p las t i c  problems, a long cyl inder  subjected t o  i n t e r n a l  pressure  
was s tudied.  This example w a s  used by Ref. 49 i n  a f i n i t e  element so lu t ion .  
The cy l inder  had t h e  following c h a r a c t e r i s t i c s :  
Shear Modulus G = 3,850 k s i  
Inner Radius a = 1.0" 
Outer Radius b = 2.0" 
E l a s t i c  Modulus E = 10,000 k s i  
Poisson's Ratio p = 0.3 
Yield S t r e s s  i n  Tension a = 20 k s i  
Y 
Post Yield Modulus E = 0  
P 
Yield S t ress  i n  Shear K = 11.54 k s i  
A cross-sect ion cu t  through t h e  cyl inder  w a s  assumed t o  b e  i n  a 
s t a t e  of plane s t r a i n .  One-quarter of t h i s  slice was modeled using 24 
l i n e a r  s t r a i n  t r i angu la r  elements. A t o t a l  load of 15 k s i  i n t e r n a l  
pressure w a s  applied i n  f i v e  equal increments, and t h e  i t e r a t i v e  correc- 
t i o n  continued u n t i l  E < .01. 
Some t y p i c a l  r e s u l t s  are shown i n  Figures 3-9, i n  which r is t h e  
radius of t h e  cylinder.  The circles represent  f i n i t e  element r e s u l t s ,  
while the  s o l i d  l i n e s  are from Ref. 55 using t h e  Von Mises y i e l d  c r i t e r i o n  



































































curve, where u(b) is t h e  r a d i a l  displacement measured a t  r = b,  t h e  outer  
radius  of t h e  cylinder.  I n  t h i s  problem, the  nonl inear i ty  is  caused by 
y ie ld ing  which begins i n  t h e  f i n i t e  element model a t  the  inner  surface  
r = a at a load s l i g h t l y  g rea te r  than P = 9 k s i  (P/K = 0.78). The other  
f igures  are p lo t t ed  f o r  t h e  maximum load of P = 15 k s i  (P/K = 1.3).  
These r e s u l t s  show t h a t  accurate so lu t ions  f o r  displacements and s t r e s s e s  
can be obtained using t h e  theory proposed herein.  Note a l s o  t h a t  t h i s  
problem represents  the  most severe type of e las to -p las t i c  behavior, s ince  
no s t r a i n  hardening i s  assumed. 
111.5.9.2 Notched Tensile  Specimen 
A notched t e n s i l e  specimen assumed t o  be  i n  t h e  condition of plane 
s t r a i n  was analyzed i n  Ref. 49. However, i n  Ref. 49 constant s t r a i n  tri- 
angular f i n i t e  elements w e r e  used, whereas t h e  present  theory has been 
implemented using l i n e a r  s t r a i n  t r i ang les .  This problem is used t o  inves- 
t i g a t e  t h e  various so lu t ion  procedures out l ined above. The nonl inear i ty  
i n  t h i s  problem is caused by local ized yie ld ing of t h e  notched sheet .  
Figure 3-10 shows the  t e n s i l e  s t r i p  and t h e  f i n i t e  element mesh. 
Due t o  symmetry, only one quar ter  of t h e  s t r i p  was considered. A t o t a l  
tension load 0 = 30 k s i  applied i n  e igh t  equal increments. 
Figure 3-11 shows some of the  r e s u l t s  obtained f o r  t h i s  problem i n  
t h e  form of a p l o t  of maximum s t r a i n  i n  the  x d i r e c t i o n  versus applied load. 
The s o l i d  do t s  represent  a so lu t ion  f o r  which i t e r a t i o n  a t  constant  load 
4 
was performed u n t i l  & 10- . The c i r c l e s  give the  r e s u l t s  obtained by 
adding t h e  r e s i d u a l  e r r o r  t o  the  incremental load f o r  the next s t e p .  The 
x data  po in t s  show the  conventional l i n e a r  incremental so lut ion.  Both 
of the  methods f o r  correc t ing equilibrium unbalance gave so lu t ions  s ig-  
n i f i c a n t l y  d i f f e r e n t  from those obtained by t h e  conventional step-by- 
s t e p  procedure. For t h i s  problem, t h e  addi t ion  of t h e  res idua l  t o  the  
next s t e p  ("o" i n  Figure 3-11) improved t h e  s t r a i n  p r e d i e i o n s  considerably 
over t h e  conventional so lu t ions  ("x" i n  Figure 3-11), a t  no add i t iona l  
cos t  i n  computer t i m e .  
E = 10,000 k s i  
p = 0.33  
E = O  
P 
a = 3 5 k s i  
Y 
Figure 3-10. Tensi le  Str ip  
0, KSI 
o Residual Added 
x No Correction 
0 20 40 60 
Maximum e (X 
X 
Figure 3-11. Stress  Versus Maximum Strain 
for  Tensi le  S tr ip  
111.5.9.3 E l a s t i c  Cyl indr ica l  bend in^ Problem 
I n  Ref. 36, l a rge  deflection-moderate s t r a i n  p l a t e  problems were 
solved by using t r i angu la r  p l a t e  bending d i s c r e t e  elements. These solu- 
t i o n s  w e r e  l imi ted  t o  t h e  e l a s t i c  range and compared very w e l l  with 
a n a l y t i c a l  so lu t ions  given by Ref. 31. I n  p a r t i c u l a r ,  c y l i n d r i c a l  bending 
of i n f i n i t e l y  long p l a t e s  due t o  uniform pressure  was considered, This 
same type of p l a t e  problem was used he re in  t o  v e r i f y  t h e  theory and solu- 
t i o n  method f o r  l a rge  de f lec t ion  problems. 
The i n f i n i t e  length p l a t e  was considered a s  a plane s t r a i n  problem. 
Figure 3-12 shows the  geometry of t h e  p l a t e  s e c t i o n  and t h e  f i n i t e  element 
gr id .  The width of the  p l a t e  was taken a s  20", and only hal f  of the  p l a t e  
w a s  modeled due t o  symmetry about t h e  cen te r l ine .  The mate r i a l  p roper t i e s  
were 
E = 30,000 k s i  
~i = 0.3 
and a t o t a l  load of q = 5 k s i  was applied i n  40 equal  increments. The 
i t e r a t i o n  a t  constant load was applied a f t e r  each increment u n t i l  
Pressure q 
Figure 3-12. P l a t e  Bending Problem 
Some of the  computer r e s u l t s  a r e  shown i n  Figures 3-13 and 3-14 a s  
c i r c l e s ,  wi th  the  a n a l y t i c a l  so lu t ions  from Ref. 31  represented by t h e  
s o l i d  l i n e s .  As can be seen from Figure 3-13, excel lent  agreement was 
obtained between t h e  a n a l y t i c a l  and f i n i t e  element so lu t ions  f o r  deflec- 
t i o n  a t  t h e  center  of the  p la te .  Good agreement was a l s o  obtained f o r  
membrane stresses, a s  measured at t h e  center  of t h e  p l a t e  and shown i n  
Figure 3-14. 
This p l a t e  problem a l s o  demonstrated t h e  need t o  use t h e  nonlinear 
strain-displacement equations t o  compute elemental s t r a i n s ,  and eventually 
stresses. I n  Ref. 39, only the  l i n e a r  por t ion  of t h e  strain-displacement 
equations was used, s ince  i n  any one s t e p ,  t h e  incremental s t r a i n s  should 
be small  enough t h a t  t h e  nonlinear terms can be neglected.  However, f o r  
the  p l a t e  problem considered above, l a r g e  midplane s t r a i n s  develop due 
mostly t o  the  r o t a t i o n  of t h i s  plane, and e n t e r s  i n t o  the  problem only 
through the  nonlinear por t ion  of the  strain-displacement r e la t ions .  
Center Deflection, Inches 
Figure 3-13. Load-Deflection Curve f o r  P l a t e  Problem 
Membrame Stress, KSI 
Figure 3-14. Membrane S t r e s s  Versus 
Load f o r  P l a t e  Problem 
Numerical r e s u l t s  generated by nen lec t inq  t h e  nonlinear contr ibut ion t o  
t h e  s t r a i n ,  even f o r  small  load increments, (0 t o  2.5 k s i  i n  20 s t e p s ) ,  
a r e  considerably i n  e r r o r .  This e r r o r  was el iminated by rerunning the  
same problem i n  200 s t e p s ,  a t  the  expense of much more computer time. 
111.5.9.4 Elasto-Plast ic  Cylindrical  Bending Problem 
The e l a s t i c  l a rge  de f lec t ion  p l a t e  c y l i n d r i c a l  bending problem con- 
sidered above was rerun using t h e  following changes : 
E = 75 k s i  
P 
a = 110 k s i  
Y 
These values were obtained by f i t t i n g  a b i l i n e a r  approximation t o  a typ ica l  
t r u e  s t r ess - t rue  s t r a i n  curve of a low-alloy s t r u c t u r a l  s t e e l .  True 
s t r a i n s  g r e a t e r  than 20% w e r e  neglected i n  t h e  f i t t i n g .  
A t o t a l  load of q = 1.25 k s i  was applied t o  t h e  p l a t e  i n  t en  equal 
- 4 increments, and i t e r a t i o n  a f t e r  each increment was performed u n t i l  E - a 10 . 
Figures 3-13 and 3-14 show some of t h e  numerical r e s u l t s  f o r  t h i s  problem. 
The e l a s t i c  so lu t ion  from above is a l s o  given f o r  comparison i n  these  
p lo t s .  From both f i g u r e s  i t  can be seen tha t  considerable d i f ference  
e x i s t s  between the  e l a s t i c  and e las to -p las t i c  so lu t ions  f o r  both deflec- 
t i o n s  and stresses. In  f a c t ,  due t o  t h e  y ie ld ing  through the  
p l a t e  thickness,  t h e  s lope  of the  load-deflection curve, Figure 3-13, 
changes noticeably a t  a load near 625 ps i .  Large s t r a i n s  w e r e  no t  de- 
veloped during t h e  so lu t ion  t o  t h i s  problem. 
111.5.9.5 Computer Running Times 
A l l  of t h e  above examples w e r e  run on a CDC 6500 computer. Typical 
run t i m e s  are shown i n  Table 3-2. 
Example 
Hollow Cylinder 
Notched S t r i p  - No 
Correction 
Notched S t r i p  - 
Residual Added 
Notched S t r i p  - 
I t e r a t e d  
E l a s t i c  Cyl indr ica l  
Bending 
P l a s t i c  Cyl indr ica l  
Bending 







111.5.10 F i n i t e  Element Analysis of Single Folds 
During t h e  course of t h i s  inves t iga t ion ,  severa l  f i n i t e  element 
models of s i n g l e  fo lds  w e r e  devised and used t o  compute c r i t i c a l  p l a s t i c  
bending s t r a i n s .  In  t h i s  sec t ion ,  these  models w i l l  be reviewed and 
recommendations f o r  s imulat ing t h e  s i n g l e  f o l d  w i l l  be presented. It 
should be  noted t h a t  a l l  models considered he re in  a r e  assumed t o  fo ld  
symmetrically about t h e  fo ld ing cen te r l ine .  
111.5.10.1 F l a t  P l a t e  Loaded by Uniform Pressure 
Figure 3-15a shows t h e  f i n i t e  element g r i d  and loading f o r  t h i s  
model, and Fig. 3-15b gives t h e  deformed shape a f t e r  a t o t a l  load of 88 
p s i  had been applied.  The dimensions were chosen a r b i t r a r i l y  a s  118" 
th ick  and 1-112" long, The mate r i a l  proper t ies  of E = 300 KSI, p = 0.3, 
E = 42 KSI, and a = 6 KSI were obtained by f i t t i n g  a b i l i n e a r  approxima- 
P Y 
t i o n  t o  a un iax ia l  s t r e s s - s t r a i n  curve of 1100-0 aluminum. The convergence 
Fig. 3-15a - Model Fig. 3-15b - Folded Bladder 
c r i t e r i o n  was E - < 1.0,  and a t o t a l  load of 88 p s i  was applied i n  11 equal  
increments. Including t h e  i t e r a t i v e  cor rec t ive  procedure, a t o t a l  of 192 
complete so lu t ions  w e r e  performed on t h e  CDC 6500 i n  174 seconds. Con- 
vergence slowed down d r a s t i c a l l y  af ter t h e  11-th s t e p ,  and t h e  problem was 
therefore  terminated. 
Table 3-3 shows the  r e s u l t s  obtained f o r  t h i s  problem. However, Fig. 
3-15b i l l u s t r a t e s  b e s t  t h e  reason why t h i s  model i s  unsui table  f o r  l a r g e  
s t r a i n  bladder analys is .  Note t h a t  i n  Fig. 3-15b, t h e  elements defined 
by nodes 1-3-7 and 3-7-9 a r e  severely d i s t o r t e d  from t h e i r  o r i g i n a l  tri- 
angular shape. However, t h e  a r e a  in tegra t ions  used t o  der ive  t h e  s t i f f n e s s  
matrix f o r  t h i s  element assume the  s i d e s  remain s t r a i g h t ,  and the re fo re  
considerable e r r o r  is introduced i n t o  t h e  model due t o  t h e  curving of t h e  





























































































problem, bu t  would g r e a t l y  increase  computer running time. In  add i t ion ,  
t h e  l a rge  pressure d i f ference  across t h e  bladder may introduce unwanted 
v a r i a t i o n s  i n  s t r a i n s ,  e t c .  For these reasons,  t h i s  model was not  inves- 
t i g a t e d  f u r t h e r  f o r  fo ld ing s t r a i n  analys is .  
111.5.10.2 Model t o  Check Analytical  Solution 
I n  Section 111.1, an a n a l y t i c a l  so lu t ion  t o  t h e  "N-layered" s i n g l e  
fo ld ing bladder problem was presented. I f  t h e  bladder is  made from only 
one mate r i a l ,  and the re  is no i n t e r n a l  o r  ex te rna l  pressure ,  the  hoop 
s t r a i n  a t  the  inner  radius  can be computed from 
where 
t = sheet  thickness 
a s  = s t a r t i n g  inner  radius  
a = f i n a l  inner  radius .  
0 
This equation was p lo t t ed  f o r  t = 0.02" and a  range of a  values i n  Figure 
0 
3-16 a s  a  s o l i d  l i n e .  The s t a r t i n g  inner radius  a  was computed from 
s 
theory of e l a s t i c i t y  a s  t h e  radius  a t  which yie ld ing f i r s t  occurs. For 
t h i s  problem, a  = 14.95". 
s 
Fold Radius 
Figure 3-16 P l a s t i c  S t r a i n  .Versus Fold 
Radius f o r  Sheet Bending 
Figure 3-17 shows t h e  g r i d  of a f i n i t e  element plane s t r a i n  model of 
t h i s  same problem. This model was devised f o r  two reasons: (1) t o  def ine  
Centerl ine of Fold 
This Edge I,/ 
Constrainqd I 
" ~ o a d "  Model 
Figure 3-17 Bladder Model 
regions i n  which the  so lu t ion  of Section 111.1 is v a l i d ;  and (2) t o  inves- 
t i g a t e  i ts  usefulness a s  a model f o r  bladder fo ld ing.  The model was 
I I loaded" by specifying displacements along one boundary such t h a t  t h i s  
edge remains plane and t h e  nodal points  do no t  move r a d i a l l y  along t h i s  
boundary wi th  respect  t o  each other .  This w a s  done t o  simulate the  "planes 
remain plane" assumption i n  t h e  a n a l y t i c a l  so lu t ion .  The inner  radius  was 
computed by f i t t i n g  a second order curve t o  t h e  two nodal points  on t h e  
inner su r face  c l o s e s t  t o  the  c e n t e r l i n e  of t h e  fo ld .  Zero hardening w a s  
pos tu la ted  t o  dupl ica te  t h e  assumptions made i n  t h e  a n a l y t i c a l  model. 
The other  input  q u a n t i t i e s  were 
E = 10,000 k s i  
11 = 0.33 
The model w a s  loaded, s t a r t i n g  from a radius of as = 18.30" ( a t  which the  
f i r s t  y i e l d  occurred) t o  an inner  radius  of a. = 0.0125'' i n  t h i r t e e n  s t eps .  
Some t y p i c a l  p l a s t i c  hoop s t r a i n s  obtained f o r  t h i s  so lu t ion  a r e  shown a s  
c i r c l e s  i n  Figure 3-16. 
A s  can be seen from Figure 3-16, t h e  f i n i t e  element so lu t ion  agrees 
w e l l  with t h e  a n a l y t i c a l  r e s u l t s  over a wide range of fo ld ing r a d i i .  How- 
ever ,  f a r  small  and l a r g e  fo lding r a d i i ,  t h e  so lu t ions  d id  not  agree 
closely.  A t  l a rge  r a d i i ,  p a r t  of the  cross-sect ion of t h e  f i n i t e  element 
model was s t i l l  e l a s t i c ,  whereas the  a n a l y t i c  s o l u t i o n  neglects  e l a s t i c  
behavior. A t  small r a d i i ,  shear s t r a i n s  grew l a r g e  i n  t h e  numerical 
model, d i s t o r t i n g  o r i g i n a l l y  plane sec t ions  (except a t  t h e  end boundaries).  
The closed-form so lu t ion  assumed planes remain plane.  The shear s t r a i n s  
tended t o  r e l i e v e  the  hoop s t r a i n s  i n  the  f i n i t e  element i d e a l i z a t i o n  at 
small  r a d i i .  The t h i r t e e n  s t e p s  took 376 seconds of CDC 6500 t i m e .  
This model was q u i t e  successful  i n  dupl ica t ing the  a n a l y t i c a l  so lu t ion  
f o r  the  range of inner  radius/ thickness r a t i o  of 5 t o  100. That i s ,  wi th in  
t h i s  range, t h e  so lu t ion  of Section 111.1 is adequate, however, f o r  a r a t i o  
of less than 5 ,  t h e  f i n i t e  element model should be used. 
111.5.10.3 load in^ by Imposed Displacements 
A f i n i t e  element model s imi la r  t o  t h e  above was loaded by displac ing one 
node a s  shown i n  Fig. 3-18. Thus t h e  r i g h t  end of t h e  model is  not  constrain-  
ed t o  remain s t r a i g h t  a s  i n  Section 111.5.10.2. The loading process is  set 
up s o  t h a t  the  s i z e  of t h e  increment decreases a s  t h e  fo ld ing rad ius  de- 
creases.  This i s  i l l u s t r a t e d  i n  Figure 3-18 f o r  f i v e  load s t eps .  Also 
shown is  t h e  f i n a l  folded configurat ion.  
Several  computer runs demonstrated t h a t  t h i s  method of loading i s  
i n e f f i c i e n t  f o r  two reasons. F i r s t l y ,  t h e  i n i t i a l  s t e p  f o r  loading any 
model should be such t h a t  the  y ie ld  stress is not  exceeded, i n  order t o  
minimize convergence problems. However, t h e  loading method proposed i n  
Fig. 3-18 imposes a very l a rge  displacement during t h e  f i r s t  s t e p ,  and o 
Y 
i s  e a s i l y  exceeded a t  many nodes. Increasing t h e  number of s t e p s  (and 
therefore  decreasing t h e  s i z e  of the  f i r s t  s t e p )  was not  successful  because 
computer'running t i m e  went up d r a s t i c a l l y .  A scheme of equal  load s t e p s  
w a s  a l s o  unsuccessful because the  f i n a l  s t e p  s i z e  was too l a rge .  Secondly, 
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I-/ -v f i n a l  folded configuration 
Figure 3-18 Incremental Loading 
t he  model had t o  be r e l a t i v e l y  long t o  r e a l i s t i c a l l y  simulate t h e  bladder, 
r esu l t ing  i n  excessive computer running times. For these  reasons,  t h i s  
loading procedure was given up. 
111.5.10.4 Final  Single Foldinn Model 
A model very s imi la r  t o  t h a t  described i n  Section 111.5.10.2 was 
se lected f o r  s i ng l e  f o ld  analysis .  This model was chosen because of the  
good agreement with the  ana ly t i c a l  so lu t ion ,  and a l s o  because a val id  
bladder folding s t r a i n  analys is  can be accomplished i n  a reasonable period 
of computer time. The mesh generation, e t c . ,  f o r  t h i s  model w a s  automated 
so t ha t  a minimum of input is necessary. 
For t h e  s ing le  f o l d ,  the  user  must input the  following information: 
Number of l a y e r s  
Number of mate r i a l s  
Which mate r i a l  is  i n  which l ayer  
Proper t ies  of each mater ia l  
Thickness of each l ayer  
Some var iab les  w i l l  be s e t  t o  nominal values i f  not  entered by t h e  user .  
These are 
Variables Nominal Value 
Maximum Load Steps 25 
Maximum Band Width 5 0 
Length/Thickness Ratio 10 




Figure 3-19 F i n i t e  Element Layer: s ing le  Fold 
Up t o  t en  such l ayers  can be stacked i n  t h e  y d i r e c t i o n  t o  simulate com- 
p o s i t e  bladders. The f o l d  w i l l  be formed by r o t a t i n g  t h e  f r e e  edge 
(right-hand s ide)  a s  i n  t h e  model of Section 111.5.10.2. 
Equivalent p l a s t i c  s t r a i n s  w i l l  be computed f o r  each node i n  the  
bladder. The maximum of these  s t r a i n s  i n  each l ayer  w i l l  be found f o r  
each load increment. These w i l l  then b e  used t o  compute f a t i g u e  l i f e  i n  
each layer as described subsequently. In addition, an approximation to 
the inner folding radius is computed at each step. 
111~6.0 Task 2.3: Conduct S ing le  Fold Experiments 
The fo l lowing  t e s t  p lan  was approved by JPL. These l i m i t e d  exper i -  
ments were f o r  t h e  purpose of gu id ing  t h e  t h e o r e t i c a l  a n a l y s i s  and provid- 
i ng  some d i r e c t  b ladder  f a t i g u e  information.  
TEST 1 
I n  o r d e r  t o  support  t h e  t h e o r e t i c a l  a n a l y s i s  of t h e  behavior  of 
fo lded  m a t e r i a l s ,  a long s t r i p  of m a t e r i a l  w i l l  b e  folded t o  b r i n g  toge the r  
t h e  edges oppos i te  and perpendicular  t o  t h e  f o l d .  Means w i l l  b e  provided 
t o  s e a l  t h e  con tac t ing  s u r f a c e s  and t o  evacuate  t h e  open space i n s i d e  t h e  
folded s h e e t  specimen. The th i ckness  and r i g i d i t y  of t h e  specimen w i l l  
be  chosen t o  produce minimum o r  no p l a s t i c  s t r a i n  be fo re  evacuat ion b u t  
t o  produce cons iderable  p l a s t i c  s t r a i n  a t  15 p s i  p re s su re  d i f f e r e n c e .  The 
spacing of g r i d  l i n e s  drawn p a r a l l e l  t o  t h e  f o l d  w i l l  be measured wi th  t h e  
2-component microscope when t h e  s h e e t  is  f l a t ,  when fo lded  b u t  n o t  evacua- 
t e d ,  and f o r  va r ious  amounts of p re s su re  d i f f e r e n c e  app l i ed  t o  t h e  fo lded  
and s e a l e d  pocket.  (See Fig. 3-20) 
TEST 2 
A c o r r e l a t i o n  w i l l  b e  made between t h e  s t r a i n s  produced by t e s t  1 
above,&ich is  amenable t o  t h e o r e t i c a l  a n a l y s i s ,  and t h e  s t r a i n s  produced 
by compressing f o l d s  between p a r a l l e l  j a w s .  This  w i l l  provide a t i e - i n  
between t h e  computed s i t u a t i o n s  p r e v a i l i n g  i n  i t e m  1 above and t h e  f a t i g u e  
t e s t s  of i t em 3 below. 
TEST 3 
Apparatus f o r  low-cycle f a t i g u e  t e s t i n g  w i l l  b e  devised f o r  sub jec t ing  
s i n g l e  f o l d s  t o  compressions c o r r e l a t e d  t o  i tems  1 and 2 above and f o r  
compressing double f o l d s  t o  primary-fold r a d i i  having such c o r r e l a t i o n .  
The secondary f o l d  of t h e  double-fold t e s t s  w i l l  b e  c o n t r o l l e d  and r e l a t e d ,  
through t h e  primary-fold r a d i u s ,  t o  t h e  s impler  tests and t o  t h e  t h e o r e t i c a l  
computations. 
The f o l d i n g  opera t ions  w i l l  b e  dup l i ca t ed  w i t h  s u f f i c i e n t  accuracy t o  
i n s u r e  t h a t  each f o l d  r e p e t i t i o n  i s  f r e e  t o  occur  at t h e  same p o s i t i o n  on 
t h e  m a t e r i a l .  One cyc le  is t o  be  measured from t h e  f l a t  con f igu ra t ion .  
Examination of t h e  cond i t i on  of t h e  material w i l l  b e  made a f t e r  each of 




F i g u r e  3-20 - S i n g l e  Fold P r e s s u r e  T e s t  Se tup  
t h e  e a r l i e r  cycles  and less f requent ly  during t h e  l a t e r  cycles ,  when a 
longer test i s  warranted. Examinations w i l l  be  based on su r face  condi t ion ,  
penet ra t ion  as  determined by e l e c t r i c  spark o r  o the r  appropr ia te  techniques, 
or  l o s s  of s t r eng th  when subjected t o  tens ion o r  pressure .  
Uniaxial  f a t i g u e  tests w i l l  be conducted using t h e  same mate r i a l  a s  
i n  t h e  folding-unfolding t e s t s .  Thus information can be generated t o  
v e r i f y  any theory which seeks t o  use un iax ia l  f a t i g u e  test d a t a  t o  i n t e r -  
p r e t  mul t i ax ia l  f a t i g u e  s t r a i n s  i n  bladders.  
However, a f t e r  severa l  computer runs,  it was concluded t h a t  the  15 
p s i  pressure  d i f fe rence  across  t h e  bladder i n  T e s t  1 was not  adequate t o  
produce l a r g e  fo lding s t r a i n s .  Therefore, t h e  s t a t i c  s i n g l e  fo ld ing device 
was redesigned. This new fo lde r  allowed tests 1 and 2 above t o  be combined 
and i s  described i n  t h e  following sec t ion .  
111.6.1 S t a t i c  Single Folding Device 
A device has been designed and b u i l t  which w i l l  allow control led  
s i n g l e  fo ld ing of shee t  specimens. The f o l d e r ,  shown i n  Fig. 3-21, app l i es  
fo rces  t o  the  end of a sheet  t o  c r e a t e  t h e  fo ld .  No bending moments a r e  
t ransmit ted  t o  t h e  shee t ,  s i n c e  t h e  jaws gripping t h e  ends of t h e  shee t  
a r e  mounted i n  bearings and a r e  counterbalanced. Thus ana lys i s  of t h i s  
type of f o l d  is  s t ra ight forward using the  plane s t r a i n  f i n i t e  element 
program. 
Figure 3-21 Single Fold Device 
3-80 
The s ing le - fo ld  bending f i x t u r e  was developed t o  apply well-defined 
c o n s t r a i n t s  t o  a specimen and t o  determine t h e  con f igu ra t ion .  Using pivot-  
ed end ( ze ro  bending moment) loading of a wide f l a t  column of t h e  f l e x i b l e  
m a t e r i a l ,  t h e  p i v o t  axes were brought t oge the r  t o  va r ious  spacings and t h e  
r e s u l t i n g  o u t s i d e  bend r a d i u s  w a s  measured. Since such a buckled column 
does n o t  bend t o  a conf igu ra t ion  cha rac t e r i zed  by a s i n g l e  va lue  of t h e  
r a d i u s ,  t h e  equiva len t  r a d i u s  of a 60° a r c  of t h e  m a t e r i a l  was determined. 
A measuring f i x t u r e  w a s  cons t ruc ted  t o  determine t h i s  equiva len t  r a d i u s  by 
use of t h r e e  l i n e s  of con tac t  a t  t h e  ends and a t  t h e  c e n t e r  of t h e  60° 
a rc .  
The s ingle- fo ld  bending f i x t u r e  a l lows  convenient  access  t o  t h e  convex 
s u r f a c e  of t h e  f o l d  f o r  t h e  purpose of measuring s t r a i n  between contour 
l i n e s .  For s h o r t ,  t h i c k  specimen of s o f t  m a t e r i a l s ,  t h e  e x t e r i o r  r a d i u s  
r / t  r a t i o  can approach 2. 
Figure 3-22 shows t h e  type  specimen used i n  t h e  s i n g l e  f o l d  device .  
I n  t h i s  f i g u r e ,  t h e  fol lowing q u a n t i t i e s  a r e  def ined:  
Cen te r l i ne  
Figure 3-22 - Single  Fold Tes t  Specimen 
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R = length between f r e e  ends 
= or ig ina l  R 
t = sheet  thickness 
r = equivalent radius of a 60" a r c  of mater ia l  f o r  
minimum radius  
The specimen i s  "loaded" by decreasing t he  dis tance between f r e e  edges 
from the  i n i t i a l  Ro t o  R .  For each increment of load, r i s  measured over 
a 60' a r c  by f i t t i n g  a spec ia l  gaging device t o  points 1, 2, and 3. The 
dis tance d is  determined by ca l ipers  as long as d > (R + t )  . 
Figure 3-23 gives r e s u l t s  obtained fo r  two d i f f e r en t  thicknesses of 
low-density polyethylene sheet .  The s o l i d  dots  i n  Fig. 3-23 a r e  f o r  
t = 0.125" and Ro = 4.01', while the  s o l i d  t r i ang l e s  a r e  f o r  t = 0.252" 
and Po = 3.652". The c i r c l e s  a r e  from a f i n i t e  element solut ion and w i l l  
be discussed i n  a subsequent section.  
Figure 3-23 - Single Fold Results  
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111.6.2 Uniaxial Tensi le  Tests  
In  order  t o  dup l ica te  the  r e s u l t s  of t h e  above sec t ion  using the  
f i n i t e  element computer program, un iax ia l  s t r e s s - s t r a i n  curves of t h e  
mater ia ls  of i n t e r e s t  w e r e  obtained. Since such tests a r e  s t r a i g h t  for-  
ward, only t h e  f i n a l  r e s u l t s  w i l l  be presented here.  The low-density 
polyethylene specimens were 1/4" t h i c k  and 1/2" wide, while the  c e l l u l o s e  
a c e t a t e  bu ty ra te  specimens were 3/32" t h i c k  and 1/2" wide. 
The s t r e s s - s t r a i n  p l o t s  showed t h a t  t h e  c h a r a c t e r i s t i c s  of low-density 
polyethylene can be represented by a b i - l inear  approximation with a 
modulus of e l a s t i c i t y  of about 15,000 p s i  joined by a l i n e  of constant  
s t r e s s  of about 1,080 p s i .  The b i - l inea r  approximation f o r  c e l l u l o s e  
a c e t a t e  bu ty ra te  i s  about 180,000 p s i  f o r  t h e  modulus of e l a s t i c i t y  i n  
the  i n i t i a l - s t r a i n  region and a 4,000 p s i  constant s t r e s s  i n  t h e  p l a s t i c -  
flow region.  
111.6.3 Sinple Foldina Fatigue Tests  
Two vers ions  of a s ingle-fold f a t i g u e  f i x t u r e  were b u i l t  and t e s ted .  
These f i x t u r e s  were made f o r  use i n  t h e  Research Incorporated programmable 
loading machine. A c y c l i c  programmer was added t o  t h i s  machine f o r  con- 
t r o l l i n g  t h e  t i m e  i n  which the  f a t i g u e  specimen was held i n  a folded 
condition and t h e  time i n  which i t  was held i n  the  s t ra ightened condit ion 
a f t e r  opening t h e  fo ld .  The f i r s t  f i x t u r e  allowed t h e  machine t o  p u l l  
the  specimen approximately t o  a s t r a i g h t  and unbent condition between 
folding cycles  but the  folded condit ion included two 90' bends i n  addi t ion  
t o  the  180° fo ld  between p a r a l l e l  jaws. After  preliminary t e s t s ,  the 
second single-fold f a t i g u e  f i x t u r e  was prepared t o  e l iminate  the  90' 
bends and t o  provide a smooth and very gradual r o l l o f f  of t h e  p a r a l l e l  
jaws. This r o l l o f f ,  w e l l  wi th in  t h e  specimen width, prevented premature 
fo ld  damage a t  t h e  edge of the  specimen. The recorded data  on s ingle-  
fo ld  f a t i g u e  t e s t s  was obtained with t h e  second f i x t u r e .  Figure 3-24 
shows the  experimental setup.  
Figure  3-24 - Sing le  Fold Fa t igue  Test  
Table 3-4 g i v e s  a summary of t h e  t e s t  r e s u l t s .  
Table 3-4 Folding Fa t igue  Resu l t s  
Ma te r i a l  RadiusIThickness No. Cycles Condit ion 
of Fold 
Ce l lu lose  Aceta te  Butyra te  4 5 F a i l u r e  
Ce l lu lose  Aceta te  Butyra te  6 10  F a i l u r e  
Teflon 2.5 
(cont inued from 2100 cyc le s )  2 
2 100 No F a i l u r e  
1780 No F a i l u r e  
SIN 31269 JPL  103 2.5 2320 No F a i l u r e  
(continued from 2320 cyc le s )  2 1160 No F a i l u r e  
The f a t i g u e  t e s t i n g  equipment w a s  in tended  f o r  u s e  wi th  m a t e r i a l s  and 
bend r a d i i  which e x h i b i t  low-cycle , fa t igue  damage. Tes t s  have ranged from 
f o l d i n g  c e l l u l o s e  a c e t a t e  b u t y r a t e  between a jaw spac ing  of f o u r  t i m e s  t h e  
t h i ckness  ( 4 t ) ,  which produced a h o l e  a f t e r  f i v e  c y c l e s ,  t o  f o l d i n g  Teflon 
t o  2.5t  f o r  2,100 cyc le s  and then  t o  2 .0 t  f o r  1,780 cyc le s  without  f a i l u r e .  
111.6.4 Conclusions 
The experimental investigation to date has been primarily devoted to 
the development of testing techniques. This included development and use 
of single-fold fatigue fixtures, a single-fold bending apparatus, and a 
radius-measuring fixture. An investigation was made of various sheet 
materials that might be used as thick-sheet models of other sheet materials. 
In developing techniques for the use of such materials, data was obtained 
on single fold fatigue performance, on the characteristics of single-fold 
bends, and on the stress-strain characteristics of the materials. 
Although extensive measurements were not performed during this program, 
considerable progress was made in the development of experimental tech- 
niques. The test fixtures will be retained and the laboratory capability 
will be available for future investigations of materials that are subjected 
to large strains causing plastic flow. 
It should be noted here that the general shape of the curve of Figure 
3-23 will be similar for teflon and other plastics. Polyethylene was used 
in the actual static folding tests reported herein since it is much less 
stiff than teflon. That is, the static folder could not fold a sheet of 
teflon of the thickness required to reach low r/t ratios. 
111.7-0 Task 2.4: Compare Theory and Experiment-Single  old^ 
In  order  t o  v e r i f y  t h e  f i n i t e  element theory and coding f o r  s i n g l e  
f o l d  a n a l y s i s ,  t h e  t e s t  specimen shown i n  Fig. 3-22 was modeled using t h e  
code developed i n  Sec t ion  111.5. The f i n i t e  element model simulated h a l f  
of t h e  s h e e t ,  contained s i x t e e n  p lane  s t r a i n  elements and 102 degrees-of- 
freedom, and is  shown i n  Fig. 3-25. The lef t -hand nodes (along t h e  center -  
l i n e )  were cons t ra ined  t o  move only i n  t h e  v e r t i c a l  d i r e c t i o n ,  and node 
t Cente r l ine  of Fold 
Figure 3-25 - Single  Fold Tes t  Model 
50 was cons t ra ined  t o  move only i n  t h e  h o r i z o n t a l  d i r e c t i o n .  The model 
was "loaded" by moving node 50 toward t h e  c e n t e r l i n e .  To avoid Euler 
.rr R buckl ing ,  t h e  shee t  w a s  given a s l i g h t  i n i t i a l  cu rva tu re  of a s i n  - (- - x) R 2 
with  a = ,I", along t h e  bottom surface .  
The m a t e r i a l  p r o p e r t i e s  were obtained from a u n i a x i a l  t ens ion  t e s t  
(described i n  Sec t ion  111.6.2) a s  E = 15 k s i ,  p = .35, a = 1.1 k s i ,  
Y 
E = 0. The load w a s  appl ied  t o  t h e  f i n i t e  element model i n  77 equal  
P 
increments of 0.02"/step, g iv ing  a f i n a l  L / R o  va lue  of 0.23. Such a 
s m a l l  s t e p  s i z e  was found t o  b e  necessary t o ' s u c c e s s f u l l y  avoid t h e  buckl- 
i n g  i n s t a b i l i t y  a s  t h e  shee t  w a s  i n i t i a l l y  loaded. The load-def lec t ion  
curve obtained by the  f i n i t e  element so lu t ion  is shown i n  Fig. 3-26. The 
hor izonta l  l i n e  a t  a load of 1.71 # / i n  represents  t h e  conventional e l a s t i c  
Euler buckling load. The sheet  began t o  y i e l d  a t  &/!Lo = .55, changing 
t h e  s lope  of the  load displacement curve. The problem took 16 minutes of 
CDC 6500 computer t i m e .  
Figure 3-26 - Load-~ i s~ lacement  Curve 
Some of t h e  f i n i t e  element r e s u l t s  a r e  shown i n  Fig. 3-23 as c i r c l e s .  
A s  can be seen by comparing t h e  f i n i t e  element r e s u l t s  ( c i r c l e s )  t o  t h e  
experimental r e s u l t s  ( s o l i d  dots  and l i n e ) ,  exce l l en t  agreement was 
obtained, p a r t i c u l a r l y  i n  the  c r i t i c a l  range of low r/t r a t i o s .  I n  
addi t ion ,  t h e  following comparison was a l s o  made: 
a/&O d / t  (see Fig. 3-22) 
Experiment a 1  F i n i t e  Element 
0.4 14.2 13.9 
0.3 11.9 11.7 
111.7 Conclusions 
In view of the  exce l l en t  agreement between t h e  f i n i t e  element plane 
s t r a i n  r e s u l t s  and the  experimental r e s u l t s  shown above, and the  f i n e  
comparison between previous published so lu t ions  and f i n i t e  element solu- 
t ions  i n  Section 111.5.9, no "refinement" of t h e  f i n i t e  element theory 
and coding presented he re in  is necessary. The present  computer program 
should be  capable of accura te ly  p red ic t ing  s i n g l e  fo ld ing s t r a i n s  i n  
composite bladder s t ruc tu res .  
111.8.0 Task 2 - 5  : ' Rollirig 'S ing le  'Folds 
A q u a s i - s t a t i c  a n a l y s i s  of a r o l l i n g  s i n g l e  f o l d  i s  proposed he re in .  
I n  t h i s  type  of a n a l y s i s ,  a  complete s i n g l e  f o l d  is  f i r s t  formed, u s ing  
t h e  p lane  s t r a i n  f i n i t e  element computer program t o  p r e d i c t  s t r a i n s ,  
stresses, e t c . ,  during t h e  formation of t h i s  f o l d .  The program is  then  
i n t e r r u p t e d ,  and t h e  r e s u l t i n g  informat ion  i s  s t o r e d  on t ape  and d i s k .  
Next, t h e  loading sequence is  modified s o  t h a t  i n  t h e  next  s e r i e s  of load 
increments t h e  fo lded  s h e e t  is  "rol led1 '  by moving one f r e e  edge r e l a t i v e  
t o  t he  o t h e r .  This  process  is  i l l u s t r a t e d  i n  Fig.  3-27. 
S t a r t i n g  Sheet Geometry 
Sheet i s  Progress ive ly  
Folded 
F i n a l  S t a t i c  S ing le  Fold 
I1 
~ o l l i n g "  Ef fec t  Created 
by Moving One Edge With 
Respect t o  t h e  Other 
Figure 3-27 - Simulat ing Rol l ing  Fold 
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The information s t o r e d  on t ape  o r  d i s k  i s  necessary  t o  s t a r t  t h e  " ro l l i ng"  
process ,  s i n c e  t h e  p re - ro l l i ng  s t r e s s e s  and geometry must b e  considered 
i n  t h e  f i n i t e  element model. 
This  t a s k  w a s  no t  emphasized h e r e i n ,  a l though t h e  computer program 
can perform t h e  above mentioned a n a l y s i s .  Rather ,  t h e  r o l l i n g  double 
f o l d ,  which c r e a t e s  a much more severe  environment f o r  t h e  b l adde r ,  was 
modeled i n  d e t a i l  u s ing  a procedure s i m i l a r  t o  t h a t  of Fig. 3-27. This 
a n a l y s i s  is  descr ibed  i n  d e t a i l  i n  a l a t t e r  s e c t i o n .  
111.9.0 Task 2.6: Estimate Fatigue L i fe  of Single  Folds 
I n  t h i s  sec t ion ,  t h e  method coded i n t o  t h e  f i n i t e  element plane s t r a i n  
computer program t o  es t imate  f a t i g u e  l i f e  cycles t o  f a i l u r e  N a f t e r  p l a s t i c  
folding s t r a i n s  have been computed is reviewed. These computations l ean  
heavi ly  upon t h e  methods of Sections I1 and I I I , 5 .  
Since almost a l l  f a t i g u e  tests a r e  un iax ia l  i n  na tu re ,  whereas t h e  
s t a t e  of s t r a i n  i n  a folded bladder i s  mul t i ax ia l ,  a method f o r  converting 
the  mul t i ax ia l  s t r a i n s  i n t o  equivalent  un iax ia l  s t r a i n s  i s  necessary. 
This is  accomplished he re in  using Eq. (2.9). The r e s u l t  i s  an equivalent  
p l a s t i c  s t r a i n  a t  each node of t h e  f i n i t e  element model, computed a t  the  
completion of each load increment. A search over a l l  nodes is  conducted 
i n  order t o  l o c a t e  t h e  maximum equivalent  p l a s t i c  s t r a i n  e-. This s t r a i n  
v 
is  next used t o  compute fa t igue  l i f e  N from Eq. (2.7) ,  which can be re- 
arranged a s  
where Mi and z a r e  constants  f o r  mate r i a l  i, computed a s  described below. i 
The q u a n t i t i e s  M and z can be obtained by t h e  program i n  two d i f -  i i 
f e r e n t  ways. I n  one method, t h e  user  may input  these  numbers d i r e c t l y  
a f t e r  having computed M. and z by t h e  methods of Section 11.2.2.1.1, o r  
1 i 
by any o t h e r  means a t  h i s  d isposal .  Al te rna te ly ,  these  q u a n t i t i e s  can 
be computed by the  program by using a "least-squares" f i t  t o  d a t a  input  
t o  the  program. Noting t h a t  log-log p l o t s  of e versus N f o r  most 
P 
materials a r e  s t r a i g h t ,  o r  near ly  s t r a i g h t ,  l i n e s  motivated t h e  l e a s t -  
squares computation f o r  M and z For example, assume t h a t  t h e  user  i i 
inputs  e and e and correspondign N1 and N2 (obtained from fa t igue  
PI ~2 ' 
t e s t s ) .  I f  Eq. (3.143) is  v a l i d ,  then 
Solving Eq. (3.144) for Mi and zi gives 
luN2 lue - QuNl fue 
Mi = EXP p1 p2 N" 
By following a similar line of reasoning, if the user wishes to input 
values e , e , ... e and corresponding N I) N2, Nn' a least-squares 
p1 p2 fit gives P n 
Note that for n=2, Eqs. (3.146) reduce to Eqs. (3.145). To illustrate the 
program, and its use for folding fatigue life calculations, several ex- 
ample problems are presented in the next section. 
111.9.1 Fatigue Examples 
Two different materials, teflon and aluminum, were used in the sample 
single fold fatigue life calculations. Table 3-5 gives the fatigue in- 
formation for each material, and the original source. The purpose of this 
study was to investigate the sensitivity of the life cycle predictions 
Table 3-5 Uniaxial Fatigue Data 
Material Source 
(%I (XI 
Aluminum 28 10 18 lo4 .916 -.515 Table 2-1 
Teflon 81 10 55 lo3 .983 -.085 Table 2-2 
to variations in material properties and finite element model geometry. 
The thickness of all bladders considered was t = 0.02". Table 3-6 gives 
the results of this investigation. 
Table 3-6 
Material Time No. Length D.O.F. E per E Rt/t e N 
(see.) Layer (in.) Y P P (KS1) (KSI) (KSI) (%I  
Teflon 62 1 .06 4 2 7 .35 2 0 1.43 6.97 Large 
Aluminum 69 1 .06 4 2 200 .33 10 33 1.59 16.05 29 
Aluminum 103 1 .04 30 10000 .33 6 1400 1.18 21.04 17 
Aluminum 244 2 .02 50 10000 .33 6 0 1.53 28.74 10 
Aluminum 138 1 .06 42 10000 .33 6 0 5.70 7.21 140 
Aluminum 108 1 .04 30 10000 .33 6 0 1.18 19.65 24 
Aluminum 46 1 .02 18 10000 .33 6 0 1.41 17.00 26 
The second column in this table gives the CDC 6500 computer running time. 
The third column gives the number of finite element layers through the 
.02" thickness, and column four shows the length of the model. The next 
column lists the number of displacement degrees-of-freedom in the finite 
element model. The tenth column shows the ratio of the final inner radius 
to the thickness, denoting the severity of the fold. The last two columns 
give the maximum equivalent plastic strain in percent, and estimated 
folding fatigue life. 
Several conclusions can be made from the results of Table 3-6. 
First, the fatigue life of the aluminum bladders is relatively insensitive 
to material properties and finite element model mesh. The life is, how- 
ever, strongly dependent on the sharpness (Rt/t) of the final folding 
radius. Secondly, the teflon bladder has an almost indefinite fatigue life, 
IV.0 TASK 3.0: DOUBLE FOLD ANALYSIS 
The double fo ld  (Figure 1-1) i s  observed t o  occur during expulsion of 
bladders. This fo ld  is formed by applying e i t h e r  compressive loads o r  
moments along t h e  length of a simple fo ld  u n t i l  l o c a l  buckling occurs. In  
o the r  words, t h e  double fo ld  can be v isual ized a s  a buckled simple fo ld .  
Before ou t l in ing  the method f o r  determining s t r a i n s  i n  double fo lds ,  the  
b a s i c  physica l  behavior of such fo lds  w i l l  f i r s t  be discussed. I n  the  
discussion which follows, t h e  term "prinary fo ld  radius ,  R " r e f e r s  t o  
P ' 
t h e  radius of the  simple f o l d  i n  the  buckled region of the  shee t  (see  
Fig. 1-1). S imi lar ly ,  the  "secondary f o l d  radius ,  Rs ," r e f e r s  t o  the  
radius of the  double fo ld  i n  the buckled region. 
To obta in  some i n s i g h t  i n t o  the  behavior of the  double fo ld ,  a p iece  
of mylar was doubly-folded and s tudied under a microscope. This simple 
experimental study took less than an hour t o  perform y e t  contr ibuted s igni -  
f i c a n t l y  t o  an understanding of the  double fo ld .  It i s  experiments of t h i s  
type which have been used t o  guide the  ana lys i s  and point  the  way t o  
simplifying approximations f o r  the mathematical model. The major e f f e c t  
observed i n  t h i s  experimental study was t h a t  the  primary f o l d  radius (R ) 
P 
i s  reduced to  near ly  zero when a simple f o l d  is  bent  t o  form a double fo ld .  
This e f f e c t  shows t h e  appearance of y ie ld ing  zones due t o  high t e n s i l e  
s t r e s s e s  which r e l a t e  t o  the  primary fo ld  radius .  
The reason t h a t  t h e  primary f o l d  radius i s  reduced when the  shee t  is  
doubly-folded can be read i ly  explained, s i n c e  t h e  physica l  problem is 
analogous t o  the  behavior of a t o r o i d a l  s h e l l  ac ted  upon by bending loads 
(See Reference 58). Figure 4-1 shows a por t ion  of a to ro ida l  s h e l l  being 
subjected t o  a bending moment; the  analogous bladder problem i s  a simple 
fo ld  t h a t  is being doubly-folded. From t h i s  f igure ,  i t  can be seen tha t  
t h e  c i r c l e d  region of t h e  to rus  corresponds t o  the  primary fo ld  i n  the  
doubly-folded sheet .  S imi lar ly ,  t h e  l a rge  radius of t h e  torus  is  equivalent  
t o  t h e  secondary fo ld  radius of the  sheet .  It is  reasonable t o  expect t h a t  
the doubly-folded shee t  w i l l  deform i n  a manner s i m i l a r  t o  the  bent  torus .  
s imi lar  t o  a I I I 1 
simple f o l d  
oh 
Pv - 5- 
R ?. prirnr~ry rndlllri I' 
Rs ?. secondary radius 
h 1. thickness  
pv ?. equivalent  pressure 
A .  Hendlng o f  a Torus 
B. bending o f  a Simple Fold t o  Form a Double Fold 
Figure 4- 1 Bending of a Torus and a Double Fold 
Then t h e  to rus  is  subjected t o  bending moments, t h e  cross-sect ion of 
the  to rus  tends t o  f l a t t e n  ou t ,  a s  shown by the  dot ted  l i n e  i n  Figure 4-1. 
This f l a t t e n i n g  ac t ion  takes p lace  because t h e  stresses caused by the  
bending moment give rise t o  fo rce  components which a c t  i n  the  plane of t h e  
to rus  cross-sect ion.  Reissner (Reference 58) has shown t h a t  these  fo rce  
components a r e  equivalent  t o  pressure fo rces  which a c t  i n  the  v e r t i c a l  
d i r e c t i o n  and tend t o  f l a t t e n  the  cross-section. The pressure  i s  r e l a t e d  
t o  the  bending s t r e s s  by the  r e l a t i o n  
where h is t h e  thickness of t h e  to rus ,  R i s  the  radius  of curvature of 
s 
t h e  bent to rus ,  and a i s  the  stress due t o  the  applied bending moment. 
Note t h a t  c i s  p o s i t i v e  ( tension) on t h e  top por t ion of t h e  cross-sect ion 
(away from the  center  of curvature)and a is  negat ive  on t h e  bottom hal f  
(compression). Thus, t h e  equivalent  pressure  p a c t s  a s  shown i n  Figure 
v 
4-1 t o  f l a t t e n  out  t h e  cross  sec t ion.  
I n  a s imi la r  manner, bending of a simple f o l d  t o  form a double fo ld  
gives r i s e  t o  equivalent  pressure fo rces  which cause t h e  primary fo ld  
radius  t o  become very small.  The cross-sect ion of t h e  simple fo ld  becomes 
f l a t t e n e d  ou t ,  j u s t  a s  i n  t h e  case of t h e  to rus .  Thus w e  can conclude 
t h a t  t h e  radius  of t h e  primary f o l d  is  dependent upon t h e  stresses and 
curvature of the  secondary fo ld .  
Reissner ' s  study (Reference 58) was performed f o r  t h e  case when t h e  
to rus  is  considered t o  be a t h i n  s h e l l  ( i . e . ,  where h/Rs << 1 and R << Rs). 
P 
Consequently, Reissner assumed t h a t  t h e  radius  of curvature,  R, of the  bent 
torus  i s  t h e  same f o r  every point  on the  cross-sect ion.  For t h e  double 
fo ld  problem, however, t h i s  assumption i s  no t  v a l i d .  I n  f a c t ,  one can 
show t h a t  t h e  d i f f e r e n t  r a d i i  of curvature ( fo r  d i f f e r e n t  po in t s  on t h e  
cross-sect ion of the  primary fo ld )  lead t o  an upward r e s u l t a n t  fo rce  t h a t  
causes a rubber sheet  t o  bend upward when i t  i s  doubly folded. 
In  Reference 5 t h i s  upward deformation was a t t r i b u t e d  s o l e l y  t o  a n t i -  
c l a s t i c  behavior ( ~ o i s s o n ' s  r a t i o ) ,  and no mention was made of t h e  
mechanism described here.  The proof t h a t  t h i s  upward bending i s  not due 
t o  a n t i c l a s t i c  e f f e c t s  can be seen from t h e  rubber sheet .  On t h e  r i g h t  
ha l f  s i d e  of the  shee t s ,  a n t i c l a s t i c  e f f e c t s  do occur,  and a smal l  
upward bending is noted. On t h e  doubly-folded s i d e ,  a much l a r g e r  deflec-  
t i o n  occurs. I f  t h e  v e r t i c a l  deformation of t h e  double fo ld  was due s o l e l y  
t o  a n t i c l a s t i c  e f f e c t s ,  one would expect t h e  de f lec t ions  on t h e  l e f t  and 
r i g h t  t o  be near ly  equal.. Thus i t  appears t h a t  only a s m a l l  p a r t  of t h e  
upward de f lec t ion  of a double fo ld  is due t o  a n t i c l a s t i c  behavior. 
From t h e  preceding observations,  including t h e  analogy with the  
bending of a to rus ,  a method f o r  analyzing s t r a i n s  i n  a s t a t i o n a r y  double 
fo ld  becomes apparent. The f i n i t e  element technique ( s imi la r  t o  t h e  method 
proposed f o r  simple fo lds )  can be appl ied .  I n  studying t h e  simple f o l d ,  
t h e  b a s i c  t r i a n g u l a r  element is  taken t o  be i n f i n i t e  i n  length (normal t o  
the  paper) and a plane s t r a i n  analys is  r e s u l t s .  For t h e  double f o l d  
study,  however, a ring-shaped t r i angu la r  element w i l l  be employed. This 
element i s  simply a c i r c u l a r  r ing  with a t r i angu la r  cross-sect ion,  and it 
i s  commonly used t o  analyze axisymmetric bodies (Figure 4-2). 
Simple t e s t s  on Mylar specimens shown t h a t  i n  t h e  neighborhood of 
the  double f o l d ,  plane sec t ions  ( i n  t h e  8 = constant  d i rec t ion ,  Figure 4-2) 
remain very near ly  plane. In  f a c t ,  the  8 = 0 plane i s  a plane of symmetry, 
so i t  cannot deform. Thus, i n  the  immediate l o c a l i t y  of t h e  double fo ld  
(where the  s t r a i n s  a r e  a maximum) the  s t r e s s e s  and s t r a i n s  a r e  independent 
of the  angle 8. I n  t h i s  case,  the  equations of equil ibrium become iden- 
t i c a l  t o  those f o r  an axisyrnmetric problem, i . e . ,  
and 
where x i s  the  a x i a l  coordinate 
r i s  the  r a d i a l  coordinate 
and 0 is  the  c i rcumferent ia l  coordinate 
Note t h a t  r is r e l a t e d  t o  Rs, t h e  secondary fo ld  radius .  The f i n i t e  element 
model and t h e  coordinate system a r e  shown i n  Figure 4-2. 
With t h e  assumption t h a t  plane sec t ions  remain plane i n  the  v i c i n i t y  
of t h e  f o l d ,  i t  thus becomes c l e a r  t h a t  t h e  double fo ld  problem can be 
analyzed. The f i n i t e  element technique out l ined here  w i l l  be used t o  in-  
clude l a r g e  deformation e f f e c t s  and nonlinear mate r i a l  proper t ies .  It 
i s  recognized, however, t h a t  t h e  assumption of plane sect ions  may break 
down when t h e  secondary radius R becomes very small ( i  .e .  , when Rs < h ,  
S 
the  th ickness) .  I n  t h i s  case,  the  planes (8 = constant)  may deform, and 
the  shear s t r a i n  y may become important. 
r e  
Figure 4-2. F i n i t e  Element I d e a l i z a t i o n  of a Double Fold 
The a x i s y m e t r i c  f i n i t e  element used here in  f o r  double fo ld  analys is  
is  a d i r e c t  outgrowth of t h e  plane s t r a i n  element presented e a r l i e r .  Both 
the  s t r a i n s  and mater ia l  p roper t i e s  a r e  assumed t o  vary l i n e a r i l y  with the  
element. The de ta i l ed  der ivat ion of the  elemental c h a r a c t e r i s t i c s  a r e  
given i n  the  following sec t ions ,  and represent  a s ignf  f i c a n t  contr ibution 
t o  the  state-of-the-art i n  axisymmetric f i n i t e  element analys is .  
I V . 1  Task 3.1: Axisymmetric F i n i t e  Element Model 
A s  i n  the  plane s t r a i n  ana lys i s ,  two a l t e r n a t i v e  der ivat ions  f o r  
t h e  s i x  node axisymmetric f i n i t e  element a r e  given here in .  The f i r s t  
der ivat ion follows Reference 39, and introduces approximations which 
simplify t h e  analys is .  The second der ivat ion is  more rigorous and is  used 
t o  assess  the  accuracy of the  f i r s t  formulation. The coordinate system 
f o r  both formulations is  given i n  Figure 3-6, i n  which r replaces x,  
z replaces y ,  and w replaces v. 
I V .  1.1 Derivation Following Felippa 
In  t h e  following formulation, t h e  hoop s t r a i n  E is assumed t o  vary 0 
l i n e a r i l y  over the  element. This approximation g r e a t l y  s i m p l i f i e s  t h e  
elemental a r e a  in tegra t ions ,  and w i l l  be  discussed i n  a subsequent sec t ion.  
The convention s t i f f n e s s  is  derived from Equation (3.99a), i n  which , 
[B] is redefined 
where [u] and [V] a r e  given by Equations ( 3 . 9 9 ~ )  and (3.99d) and 
and i s  due t o  the  hoop s t r a i n s .  I n  Equation (4.3b), ri is the  radius t o  
comer  nodal c i r c l e  i. 
The matrix [N] is  given by 
The elements of the  (3  x 3) submatrices [N. . ]  a r e  given by Equation (3.102a) 
1J 
and 
(k)) where Equation ( 3 . 1 0 2 ~ )  gives { C  , and Section 11.5.4 gives the  p a r t i c u l a r  
(k) Ciij j. 
The geometric s t i f f n e s s  matrix i s  given a s  
The [J.] matrices, for i = r, z, 8, and rz are 
1 
where (o . ) is evaluated a t  node j . 
l j  
The load vector  f o r  uniform pressure i s  
27T 
=- - r  (AP b +AP b ) Afl 6 1 2 2 3 3 
27f 
~f = - r (AP b + AP3b3) 2 6 2 11 
where the l a s t  s i x  components a r e  obtained from Equation (4.7) by replacing 
b.  with ai. The other  p a r t  of the  res idual  vector  (neglecting body forces)  
1 
can be  computed using the  shape functions,  giving, f o r  a qvadratic s t r e s s  
va r ia t ion ,  
where 
e t c . ,  and o is evaluated a t  node i. The l a s t  t h r e e  elements a r e  
ri 
obtained from Equation (4.8) by using {o f i n  p lace  of {or} and {oz} i n  
r z  
place of {or, 1 .  
The matrices [WIJ and [W2] are 
Some preliminary computer r e s u l t s  f o r  a th ick  axisymmetric cy l indr ica l  
s h e l l  i n d i c a t e  t h a t  the  element described above produces numerical r e s u l t s  
t h a t  a r e  s l i g h t l y  i n  e r r o r .  It is f e l t  t h a t  the  e r r o r  is caused by assuming 
the  i n t e r n a l  hoop s t r a i n  v a r i e s  l i n e a r i l y  over the  element, i . e . ,  
This assumption considerably s impl i f ied  the  volume in tegra t ions  over each 
element . However, t o  be consis tent  with the  assumed displacements, the  
s t r a i n  should be 
which is obviously - not l i n e a r  i n  t h e  coordinates Ei. Using Equation (4.11b) 
would l ead  t o  i n t e g r a l s  which would be very d i f f i c u l t  t o  evaluate i n  closed 
form. 
To attempt t o  reduce the  e r r o r  noted above, another assumption was 
t r i e d  f o r  t h e  hoop s t r a i n ,  namely 
This allows a quadrat ic  s t r a i n  va r ia t ion  by in te rpo la t ing  on a l l  nodal 
s t r a i n  components. However, there  was very l i t t l e  di f ference  i n  t h e  r e s u l t s  
obtained by using Equation ( 4 . 1 1 ~ )  i n  place of (4.11a) . Therefore, the 
f i n a l  coding is based upon the  s impl ier  assumption, Equation (4.11a). 
I V .  1.1.1 - Modeling and Loading Double Fold 
I n  studying the  double f o l d ,  an axisymmetric f i n i t e  element model 
is  intended. A sketch  of the  model i s  shown i n  Figure 4 - 3 .  
The co-ordinate d i rec t ions  a r e  
r , 0  , and z ,  with t h e  corresponding 
displacements u,  v, and w. 
Figure 4-3 Axisymmetric F i n i t e  
Element Model 
I n  order t o  completely specify t h e  problem, it is necessary t o  
apply t h e  proper boundary conditions and t o  def ine  t h e  applied load- 
ing. It is the  purpose of t h i s  s e c t i o n  t o  d iscuss  these loading and 
boundary condit ions and t o  show how they w i l l  be incorporated i n  the  
f i n i t e  element model. 
I V . 1 . 1 . 1 . 1  Boundary Conditions 
I n  specifying t h e  double fo ld  problem, t h e  following boundary 
condit ions w i l l  be applied:  
(a) Along t h e  plane z = constant  = z 0 
a = 0 (no normal s t r e s s )  
Z Z 
T = 0 (no shear s t r e s s )  
r z  
These boundary s t r e s s e s  w i l l  be input  d i r e c t l y  t o  t h e  f i n i t e  
element program, I n  addi t ion ,  s ince  the  problem is  axisymmetric, 
we w i l l  a l s o  have T~~ = 0 along z = z . 
0 
(b) Along the plane O = 0 
v = 0 (no c i rcumferent ia l  displacement) 
0 f O  8 8 
u, w f r e e  (no r e s t r i c t i o n  on these  displacements) 
(c)  Along t h e  ou te r  surface  r = r ou te r  (2) 
O r r  = O I 
no s t r e s s e s  applied 
These boundary s t r e s s e s  w i l l  be input  d i r e c t l y  t o  the  f i n i t e  
element program; s i n c e  t h e  problem i s  axisymmetric, w e  w i l l  a l s o  have 
T = 0 along t h i s  ou te r  surface .  
r8 
(d) Along t h e  inner  su r face ,  r = r inner  (2) 
a = O  
r r 
no s t r e s s e s  applied 
.r = 0 
rz 
These boundary stresses w i l l  be input  d i r e c t l y  as  i n  p a r t  ( c )  
above; again T = 0 along t h i s  surface .  
r 6 
(e) Along t h e  plane O = constant  = O 0 ' 
u,  w f r e e  (no r e s t r i c t i o n  on these  displacements) 
o drdz = F0 = 0 (no ne t  fo rce  i n  the  O - 0 0 
d i r e c t i o n )  
-+ 
0 0 rdrdz = MZ (moment about the  z - a x i s )  
-t 
0 8 zdrdz = Mr = 0 (no n e t  moment about a  
r a d i a l  l i n e  i n  t h e  plane 
0 = Oo) 
These boundary condit ions can be s a t i s f i e d  by t h e  axisymmetric 
f i n i t e  element model. The zero s t r e s s  condit ions can be met d i r e c t l y  
-+ -+ 
by t h e  model, but  i t  is  necessary t o  inves t iga te  Mr,  MZ,  and F8 
fu r the r .  These boundary forces  w i l l  be discussed i n  t h e  sec t ions  
which follow. 
IV.1.1.1.2 Sa t i s fy ing  the  Boundary Conditions on O = Q0 
To demonstrate t h a t  o dA = 0, consider t h e  following: 8 8 
For an axisymmetric body, t h e  equil ibrium equations a r e  (Ref. 8) 
and 
Solving equation (4.12a) f o r  age, w e  can w r i t e  
o dA = 8 8 ] drdz 
In tegra t ing  these  terms gives 
ou te r  
inner  
where t h e  inner and ou te r  r a d i i  a r e  shown i n  Figure 4-4 along with 
z1 and z2. 
By considering t h e  boundary condit ions o  = 0, 
rr 1 
f : = r  
outer  
= 0, e t c .  of Section IV.1.1.1.1 
inner  
Figure 4-4 - In tegra t ion  L i m i t s  
i t  i s  apparent t h a t  t h e  boundary i n t e g r a l s  vanish inden t i ca l ly  i n  
equation (4.13) , giving $ o g e d ~  = 0. + 
I n  a s imi la r  fashion,  one can show t h a t  M = 0. 
r 
For example, 
where t h e  second term has been in tegra ted  by pa r t s .  A s  before,  
o  = 0 on the  boundary, and r = 0 a t  zl and z Thus we have 
rr r z  2 "  
= -  r drdz 
r r z  
Using equation (4.12b) f o r  T r Z ,  w e  have [ "rz 
r r -  + r 
ar 





r T drdz 
r z  . 
where an in tegra t ion  by p a r t s  has been done. Transposing terms and 
using the  boundary condit ions on a and *r gives 
zz r z 
T drdz = 0 
r z  
-p. 
and from equation (4 e14) , w e  have M = 0 
+r 
From the  f i n a l  i n t e g r a l ,  f o r  M Z ,  we have a r drdz = $ + O  
e e 
which w i l l  be applied loading term. The method i n  which sz is  
determined i s  discussed i n  t h e  next sec t ion .  
IV,1.1.1.3 Loading i n  Axisyrnmetric Model 
I n  applying loads t o  t h e  axisymmetric f i n i t e  element model, i t  
is necessary t o  consider what s p e c i f i c  load-deformation information i s  
des i red .  A s  a f i r s t  approach t o  t h e  problem, one would l i k e  t o  know 
t h e  re la t ionsh ip  between t h e  secondary fo ld  rad ius ,  R and the  primary 
S 
fo ld  rad ius ,  R . To generate t h i s  r e la t ionsh ip ,  R can be increment- 
P s 
a l l y  changed and the  corresponding value o r  R can be ca lcula ted .  
P 
The method i n  which Rs w i l l  be varied and R determined i s  out l ined 
P 
i n  t h e  following paragraphs. 
Consider a ring-shaped axisymmetric f i n i t e  element t h a t  has 
some i n i t i a l  curvature and a corresponding i n i t i a l  s t r a i n  (see Fig. 4-5). 
Note that a is the inside radius 
of curvature, and p is measured 
from the inner surface. The 
length of any fiber in the initial 
state is given by 
Figure 4-5 - Initially Curved 
Finite Element 
Now we want to change the radius of curvature to a new value, 
call it R. After this change, the element will still be axisymmetric 
(i.e., constant curvature in the O - direction) but it will have a 
new curvature (see Fig. 4-6) . 
-
In going from the initial state 
(figure 4-5) to the final state Fig. 
(4-61, incremental displacements @u 
and Av are involved. These 
incremental displacements contain 
rigid body motions which can be 
determined by fixing some element 
Figure 4-6 - Finite Element After reference point before and after 
Change in Curvature the deformation. One choice of 
a reference point is to make the center of curvature coincide before 
and after the deformation. This choice involves large rigid-body 
motions and is undesirable. 
A more convenient reference choice is to fix point A (Fig. 4-5 and 4-6) 
and allow the center of curvature to move. The distortion of the 
element is most easily visualized as the combination of two separate 
motions. First, the element is deformed as shown in Figure 4-7. This 
deformation is taken such that the length of arc of the inner surface 
remains constant; in other words, the inner arc length is 
Li = ad0 = RdO (4.16) 
A The displacements associa ted  
with t h i s  deformation a r e  of the  form 
AU = K(l  - cos0) 
Av = CrO + K s in@ 
Where t h e  K terms a r e  r i g i d  body 
motion and C r O  represents  a uniform 
c i rcumferen t i a l  s t r a i n .  Note f o r  
Figure 4-7 - F i r s t  P a r t  of  t h i s  f i r s t  deformation, 
t h e  Deformation ds  = (R + p)dlb. 
Now a second deformation is  allowed, namely a uniform r a d i a l  
con t rac t ion  of  Au(see Fig. 4-81. 
Figure 4-8 - Second P a r t  of the  Deformation - 
Uniform Radial  Contract ion 
With these  two deformations combined, t h e  length of a f i b e r  is  
given by 
ds = (R + p + ~u)dlb (4.17) 
a f t e r  t h e  deformation. Thus t h e  incremental c i rcumferent ia l  s t r a i n  
can be computed a s  
d@ a From equation (4.16) w e  have - = -which can be subs t i tu ted  i n t o  de R 
Equation (4.18) t o  y i e l d  
I n  going from t h e  i n i t i a l  s t a t e  (with radius of curvature a)  t o  
t h e  f i n a l  s t a t e  (with radius  R) the  s t r a i n  increment (A& ) w i l l  be 8 1 
spec i f i ed  completely. That is, a ,  R ,  and p ( r , z )  w i l l  a l l  be spec i f i ed  
input  items t h a t  a r e  known. The only unknown w i l l  be Au(r,z),  and t h a t  
w i l l  be determined by t h e  f i n i t e  element method. 
Once Au(r,z) is  known, A E  can be computed and then the  s t r e s s  d 
increment, Aage, can be calculated from the  s t r e s s - s t r a i n  r e l a t i o n s .  
Final ly ,  i t  is  poss ib le  t o  determine t h e  corresponding moment increment, 
& from t h e  i n t e g r a l  
j. 1 
Thus it  appears poss ib le  t o  generate a p l o t  of MZ vs .  - (moment R 
vs. curvature) f o r  the  double-fold problem. I n  addi t ion ,  the  t o t a l  
displacements u and w can be used t o  g ive  t h e  primary radius of curva- 
I n  t h i s  manner, t h e  desired r e s u l t  of tu re ,  R a t  each value of - 
1 D R' 
- vs  R w i l l  be obtained. R P 
IV.1.2. Alternate Axisymmetric Finite Element Formulation 
In this section, an alternate formulation is presented in which no 
simplifying assumption concerning the hoop strain distribution is made, 
Results using this element can then be compared with those using the 
element of the previous section in order to estimate the magnitude of the 
errors introduced by the assumptions of Section IV.1.1. 
Figure 4-9 shows the coordinate system for the six nodal circle tri- 
angular torus element. The displacements are taken as 
If Eq. (4.20) is evaluated for both u and w at the six nodal points, the 
result can be written as 
where 
and u and w are the displacements of node i. i i 

























In the above expressions, r and zi are the coordinates of node i, and i 
A is the cross sectional area of the torus. 
The linear strain-displacement equations for axisymetric analysis are 
Computing t h e  s t r a i n s  by us ing  Eq. (4.20) i n  Eq. (4.23) y i e l d s  
o r  (4.24b) 
For a n  e l a s t i c  i s o t r o p i c  m a t e r i a l ,  t h e  s t r e s s - s t r a i n - r e l a t i o n s  a r e  
o r  symbo l i ca l ly  
Where E is Young's Modulus and 11 i s  Po i s son ' s  Ratio. ,  
The s t i f f n e s s  ma t r ix  can be de r ived  from p o t e n t i a l  energy t.o g ive  
-1 T [kl = ([MI ) [KI  [MI-' (4.26) 
and 
v o l  . 
can be  considered a s  t h e  e l e r n e n t a l ' s t i f f n e s s  ma t r ix  i n  { A )  coord ina t e s .  
A f t e r  c a r r y i n g  o u t  t h e  m a t r i x  m u l t i p l i c a t i o n  i n d i c a t e d  i n  Eq. (4.27) 
s e v e r a l  i n t e g r a t i o n s  must b e  performed.  These  i n t e g r a l s  are l i s t e d  belcw 
f o r  comple teness .  
3 A 3 2 2 2  
.A6 =/ r d r d z  = -(r + r r + r r + rl r2 + r r 1 0  1 1 2  1 3  1 3  
The q u a n t i t i e s  2  = / z d r d z ,  h4 = / z2drdz ,  h 8 = J rz2drdz ,  and 
hg = / z3drdz can be  d e r i v e d  from t h e  c o r r e s p o n d i n g  e x p r e s s i o n s  i n  E q .  (4.28) 
by s u b s t i t u t i n g  z  f o r  r ,  and zi f o r  ri. 
By d e f i n i n g  t h e  f o l l o w i n g  v a r i a b l e s ,  t h e  remain ing  i n t e g r a t i o n s  can be 
c a r r i e d  o u t ,  
where Eqs. ( 4 . 2 2 ~ )  g ives  t h e  ai, bi, and A . . .  Note t h a t  w h e n r i  = r f o r  
1.1 . i9 
e i t h e r  i = 3, j = 2, o r  i = 1, j = 3, o r  i = 2,  j = 1, some o f  t h e  q u a n t i t i e s  
i n  Eqs. (4.29) become indeterminant .  From phys ica l  reasoning,  t h e  terms can 
be  set t o  zero.  For example, when a3 = r2 - r = 0, then  c 1 = s1 = 0. The 
i n t e g r a l s  a r e  
r 
AI0 =/$ drdz = - clln 2 r + s a 
1 1 3  
r2 1 
=/ 5 drdz = - 21n r - 'lb3 - - s b  4 1 3 ( r  2 + r )  1 2 C1 1 
2 1 r 2 h I 2  =jc drdz = - - c 31n - - c12b3 - - 
r 3 1 r1 2 c 1 1 3  s b ( r  1 + r2) ]  
- - 
2 2 ( r  + r r + r22 + s2b  ( r  + rlr2 2 1 3  r 3  g S 1  1 3  3 2 9 1 3 1  - -c ln- + '2) 3 2 r2 
In a s i m i l a r  manner, t he  l oad  v e c t o r  c o n s i s t e n t  w i th  Eq. (4 .26 )  
e . g .  f o r  a cons t an t  normal p re s su re ,  can be der ived .  L e t t i n g  P b e  t h e  i 
pres su re  normal t o  t he  s i d e  oppos i t e  c o m e r  node i ( p o s i t i v e  i n  compression),  
the components of t h e  f o r c e  v e c t o r  (F} become 
Components 7 through 12 of F can be derived from components 1 through 6, 
respectively, by replacing the bi by ai. 
IV.1.3 Comparison of Formulations 
In this section, numerical results from the two formulations of 
Section IV.l.l (Linear and Quadratic Hoop Strains) and the formulation 
of IV.1.2 are compared. 
The example problems were all thick cylinders loaded by an internal 
pressure. The number of elements used to represent a cross section of 
the cylinder was varied from 24 elements, 12 elements, and 6 elements. 
The layout of the elements is shown in Figure 4-10. Nodes 1, 2, and 3 
lie on the inner surface, and their displacements (which should be identical) 
can be used as a measure of accuracy. Table 4-1 shows some typical results 
of this study. Note that for course meshes, the variation of displacements 
at nodes 1, 2, and 3 is considerable, and the average displacement is also 
slightly in error. Note also that the quadratic hoop strain assumption 
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d i r e c t i o n .  
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I n t e r  
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Figure 4-10 - Cylinder Problem - 6 Element Mesh 
Table 4-1 - Example Problem 
Model Linear  ~ b o ~  S t r a i n  Element (IV. 1.1) QuAdratic Hoop S t r a i n  Element 
(IV. 1.1)  
Number Radial  Disp l .  ( i n . )  x Radia l  Disp l .  , ( i n . )  x 
of 
Elements Node 1 Node 2 Node 3 Ave. Node 1 Node 2 Node 3 Ave. 
Closed 
Form 
Solu t ion  
Al t e rna te  Formulation (IV.1.2) 
6 7.4287 7.4293 7.4209 7.4263 
8 7.4294 7.4297 7.4257 7.4283 
Due to the simplicity of the linear hoop strain derivation, this 
formulation will be used for all bladder folding studies. Errors intro- 
duced by this formulation are not significant, as can be seen from 
Table 4-1. 
IV.1.3 Axisymmetric F i n i t e  Element-Numerical Examples 
In  order t o  check-out the  coding f o r  t h e  axisymmetric f i n i t e  element 
program, a v a r i e t y  of example problems were considered during t h e  course 
of t h e  contrac t .  These problems exhibited a wide range of nonlinear be- 
havior,  including p l a s t i c  response, l a r g e  d e f l e c t i o n s ,  l a r g e  s t r a i n s ,  and 
a combination of mate r i a l  and geometric n o n l i n e a r i t i e s .  An example double 
fo ld  was a l s o  simulated. 
IV.1.3.1 Elas to-Plas t ic  Cylinder 
To v e r i f y  the  theory presented he re in  f o r  problems i n  which t h e  non- 
l i n e a r  behavior is  due t o  p l a s t i c i t y ,  a long cyl inder  subjected t o  i n t e r n a l  
pressure w a s  considered. This example was used by Ref. 49 i n  a f i n i t e  
element so lu t ion .  The cyl inder  had t h e  following c h a r a c t e r i s t i c s :  
Inner Radius a = 1.0" 
Outer Radius b = 2.0" 
E l a s t i c  Modulus E = 10,000 k s i  
Poisson's Ratio ~1 = 0.3 
Yield S t r e s s  i n  Tension o = 20 k s i  
Y 
Post Yield Modulus E = O  
P 
where o is  the  un iax ia l  y i e l d  stress. 
Y 
A s l i c e  between two z = constant  planes was modeled with 24 of t h e  
new axisymmetric f i n i t e  elements. The condit ion of zero s t r a i n  i n  the  
a x i a l  d i r e c t i o n  was s a t i s f i e d  by const ra in ing boundary nodes from moving 
i n  t h a t  d i rec t ion .  A t o t a l  i n t e r n a l  pressure  load of 15 k s i  was applied 
i n  5 equal increments, wi th  t h e  cor rec t ive  i t e r a t i o n  mentioned above 
applied a f t e r  each s t e p ,  
Some t y p i c a l  r e s u l t s  a r e  shown i n  Figures 4- l la  and 4-llb. Figure 
4-l la  i s  a load-deflect ion curve, and i t  shows t h e  nonlinear na tu re  of the  
problem. The s o l i d  l i n e  i s  from Ref. 55 f o r  t h e  Von Mises y i e l d  c r i t e r i o n ,  
t h e  Prandtl-Reuss flow l a w ,  zero a x i a l  s t r a i n ,  and e l a s t i c  and p l a s t i c  
compressibi l i ty (Curve A of Ref. 55). The f i n i t e  element so lu t ion  simulates 
a l l  these  condit ions,  and is  shown i n  Figures 4-11 a s  s o l i d  dots .  Figure 
4-llb gives the  r a d i a l  stress d i s t r i b u t i o n  through t h e  thickness of t h e  
.001 ,002 .003 
F i g u r e  4 - l l a  - R a d i a l  Deflection a t  r = b  v s .  
a KSI 
r ' 
u (r=b)  
Load 
Figure 4-13, - R a d i a l  S t r e s s  v s .  Radius  a t  a Load of 1 5  KSI 
cylinder f o r  a load of 15 k s i .  Both of these  f igures  show exce l l en t  agree- 
ment between t h e  so lu t ion  of Ref. 55 and t h e  f i n i t e  element theory presented 
herein.  
IV.1.3.2 Large Deflect ion Circular  P l a t e  
A c i r c u l a r  p l a t e  h = .5" th ick  and having a rad ius  a = 10" was used 
t o  inves t iga te  the  appl ica t ion of the  new element and theory t o  l a rge  
deflection-moderate s t r a i n  problems. Only e l a s t i c  behavior was allowed, 
with 
E = 30,000 ksf 
11 = 0.3. 
Thirty-two axisymmetric elements were employed t o  model the  simple-supported 
p l a t e .  A t o t a l  uniform pressure  of q = 1.25 k s i  was applied i n  10 equal 
increments, with cor rec t ive  cycling a f t e r  each load s tep .  
Figure 4-12 shows a load versus center- l ine  de f lec t ion  curve f o r  t h i s  
problem, with t h e  s o l i d  l i n e s  from Ref. 31,and t h e  dots  from the  f i n i t e  
element solut ion.  The s t r a i g h t  l i n e  represents  the  l i n e a r  small deflec-  
t i o n  so lu t ion ,  while t h e  curved l i n e  i s  f o r  t h e  l a r g e  de f lec t ion  solut ion.  
A s  can be seen from t h i s  f i g u r e ,  t h e  f i n i t e  element r e s u l t s  c lose ly  follow 
the  "exact" so lu t ion  of Ref. 31. 
IV.1.3.3 Large S t r a i n  Sheet Bending 
H i l l  (Ref. 30) presents  a problem, under t h e  general  theory of sheet  
bending, which can be used t o  check t h e  capab i l i ty  of t h e  theory and ele-  
ment presented here in  t o  analyze s i t u a t i o n s  i n  which l a r g e  p l a s t i c  s t r a i n s  
occur. The problem is t h a t  of p l a s t i c  bending of a wide sheet  i n t o  a 
c y l i n d r i c a l  surface  by couples applied along opposite  edges. 
By assuming t h a t  (1) plane sec t ions  remain plane during bending, (2) 
e l a s t i c  deformation can be  neglected, (3) the  mater ia l  is  pe r fec t ly  p l a s t i c ,  
and (4) t h e  Tresca y i e l d  c r i t e r i o n  holds ,  Section 111.1 gives a closed- 
form expression f o r  t h e  p l a s t i c  hoop s t r a i n  i n  t h e  sheet  a s  a function of 
folding rad ius  of curvature.  This same problem was solved by t h e  f i n i t e  




Figure 4-12 - Load Versus Deflect ion f o r  Circular  P l a t e  
its thickness.  The f i n i t e  element model was "loaded" by speci fy ing the  
change i n  t h e  radius  of curvature. An a r b i t r a r i l y  l a r g e  inner  radius  of 
100" was used t o  s t a r t  t h e  computations. This radius  was then decreased 
u n t i l  y ie ld ing  f i r s t  occurred i n  the  sheet .  The sheet  was then "loaded" 
fu r the r  by reducing t h e  radius  from i t s  value a t  f i r s t  y i e l d  t o  e s s e n t i a l l y  
zero i n  n ine  equal increments. The physica l  constants  f o r  the  problem 
were 
E = 10,000 k s i  
p = 0.33 
a = 6 k s i  
Y 
E = O  
P 
t ( s h e e t  thickness)  = 0.02" 
The p l a s t i c  hoop s t r a i n s  computed a t  t h e  inner  radius of t h e  sheet  
by both methods a r e  shown i n  Table 4-2. Considering t h e  various d i f fe rences  
between t h e  f i n i t e  element so lu t ion  and t h e  a n a l y t i c a l  so lu t ion ,  t h e  r e s u l t s  
agree very we l l  over a wide range of r a d i i  of curvature.  Note t h a t  s t r a i n s  
on the  order  of 15% developed.during t h e  solut ion.  
Table 4-2 - P l a s t i c  Hoop S t ra ins  Computed f o r  Various Inner Radii 
Inner Radius 
(inches) 










Percent P l a s t i c  Hoop S t r a i n  
F i n i t e  Element Closed Form 
0.0 0.0 
Note t h a t  the  axisymmetric so lu t ion  t o  t h e  s i n g l e  fo ld ing problem given 
above y i e l d s  r e s u l t s  c lose r  t o  those of t h e  a n a l y t i c a l  model of Section 
111.1 than does the  plane s t r a i n  so lu t ion  of Section 111.5.10.2. This is 
due t o  t h e  f a c t  t h a t  t h e  axisymmetric model simulated t h e  a n a l y t i c a l  solu- 
t i o n  b e t t e r  than t h e  plane s t r a i n  model i n  t h a t  p lane  sec t ions  remain 
plane i n  t h e  axisymmetric model, whereas planes a r e  d i s t o r t e d  i n  the  solu- 
t i o n  of Section 111.5.10.2. The very c lose  agreement between t h e  ana ly t i -  
c a l  s o l u t i o n  and the  numerical so lu t ion  shown i n  Table 4-2 give added 
confidence i n  both approaches. 
IV.1.3.4 Torus Problem 
I n  order t o  check out  t h e  capab i l i ty  of t h e  axisymmetric f i n i t e  element 
program t o  simulate double f o l d s ,  a simple t o r u s  problem was considered. 
The to rus  had a major radius  Rs, a minor rad ius  R , and a wa l l  thickness 
P 
of t . The t o r u s  w a s  loaded by couples  app l i ed  t o  i t s  s e c t i o n ,  as shown 
i n  F igure  4-13a. 
The t o r u s  problem w a s  considered by Reissner  (Ref. 58) f o r  t h e  case  i n  
which t h e  response is e l a s t i c ,  and (R /Rs) <C 1. Table 4-3 t a b u l a t e s  t h e  
P 
moment M f o r  va r ious  changes i n  Rs f o r  t h e  ca se  i n  which E = 10,000 KSI ,  
p = .3,  Rs = 100" ( i n i t i a l l y ) ,  R = 10" ( i n i t i a l l y ) ,  and t = 1". 
P 
Table 4-3 
Moment v s .  Radius 
Rs ( inches)  
100 
99 



















19 19 7 
21567 
M (K-in.) 









185 7 9 
20647 
Note t h a t  Re i s sne r ' s  s o l u t i o n  p r e d i c t s  t h a t  t h e  c ross -sec t ion  of t h e  
t o r u s  deforms as shown by t h e  do t t ed  l i n e s  i n  Fig. 4-13b. Thus t h e  double 
f o l d  problem i s  very  s i m i l a r  t o  t h e  t o r u s  problem, i n  which R i s  the  f i r s t  
P 
f o l d  (primary) r a d i u s ,  and R is  t h e  second f o l d  (secondary) r ad ius .  The 
S 
f l a t t e n i n g  of t h e  t o r u s  i s  a l s o  similar t o  t h e  way a double f o l d  would 
deform as Rs i s  decreased.  However, f o r  a t r u e  double f o l d ,  t h e  c ros s  
s e c t i o n  would n o t  n e c e s s a r i l y  be symmetric about B-B (Fig. 4-13b). 
One-half of t h e  t o r u s  c ross -sec t ion  w a s  modeled wi th  72 t r i a n g u l a r  
f i n i t e  elements (only h a l f  was considered due t o  t h e  symmetry about B-B). 
The boundaries  of t h e  model were cons t ra ined  t o  s l i d e  along B-B. The 
f i n i t e  element mesh involved 370 degrees-of-freedom, The model was "loaded" 
by spec i fy ing  ARs, and t h e  moment M t o  cause t h i s  r a d i u s  change w a s  computed 
















w a s  reduced from 100" t o  90" i n  10 equa l  s t e p s ,  and s t r a i n s  and t h e  t o t a l  
moment M were computed a t  each s t e p .  Table 4-3 shows t h e  f i n i t e  element 
r e s u l t s  f o r  M a t  each Rs va lue  considered. Very good agreement was obta ined  
between t h e  a n a l y t i c a l  r e s u l t s  and t h e  f i n i t e  element s o l u t i o n ,  a s  can be  
seen from Table 4-3. The c ross-sec t ion  f l a t t e n e d  i n  t h e  f i n i t e  element 
s o l u t i o n  approximately one inch.  
IV.1.3.5 Double Fold Model 
To demonstrate  how t h e  t o r u s  of t h e  above s e c t i o n  can be used t o  s i m -  
u l a t e  a double f o l d ,  t h i s  same model w a s  loaded by changing t h e  secondary 
r ad ius  from 100" t o  10". Two cases  were considered:  ( a )  t o r u s  completely 
e l a s t i c ,  and (b) t o r u s  e l a s t o - p l a s t i c  w i t h  x = 0.008 and a = 74 KSI. 
Y 
The moment-curvature curve f o r  t h e  e l a s t i c  s o l u t i o n  i s  shown i n  
Fig. 4-14. It reaches  a maximum a t  a secondary r a d i u s  of 20" and cor res -  
ponding moment of 302,602 in-k. This type of behavior  i n d i c a t e s  t h a t  some 
kind of s t r u c t u r a l  i n s t a b i l i t y ,  such as buckl ing ,  has  occurred.  The f i n a l  
shape of t h e  t o r u s  c ross -sec t ion  is shown i n  F igure  4-15, i n  whick t h e  
secondary r a d i u s  is  about 10". Note t h a t  t h e  o r i g i n a l  semi-c i rcu lar  
s e c t i o n  has  been f l a t t e n e d  out  cons iderable ,  s imu la t ing  t h e  behavior  of a 
double f o l d .  
I n  Fig.  4-16 is  shown t h e  moment v s .  cu rva tu re  r e l a t i o n  computed f o r  
t he  e l a s t o - p l a s t i c  t o rus .  Note t h a t  t h i s  curve peaks a t  a moment of 
14,000 of secondary r a d i i  of 80" t o  40". Thus t h e  i n s t a b i l i t y  occurred 
a t  a much lower moment and sma l l e r  cu rva tu re ,  due t o  t h e  a b i l i t y  of t h e  
t o r u s  material t o  go p l a s t i c .  The f i n a l  c ros s - sec t iona l  shape f o r  t h i s  
problem w a s  s i m i l a r  t o  t h a t  of t h e  e l a s t i c  problem, Fig. 4-15. 
These r e s u l t s  show t h a t  t h e  axisymmetric f i n i t e  element model proposed 
h e r e i n  is  capable of s imu la t ing  t h e  behavior  of a double f o l d .  
secondary 
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Figure 4-16 - ~oment-curvature for Elasto-Plastic Torus 
IV.1.3.6 F ina l  Double Fold Model 
The f i n i t e  element ana lys i s  f o r  stresses and s t r a i n s  i n  a double f o l d  
follows from t h e  to rus  problem presented above. For t h e  s t a t i c  double f o l d  
ana lys i s ,  t h e  same information a s  needed f o r  the  s i n g l e  f o l d  must be input  
by the  user .  (See Section 111.5.10.4) In  addi t ion ,  unless otherwise en- 
t e red ,  the  program w i l l  choose t h e  nominal values R = l o t ,  where 
P 
R = Primary Folding Radius 
P 
Rs = Secondary Folding Radius 
t = Total  Bladder Thickness. 
Each l ayer  w i l l  cons i s t  of axisymmetric f i n i t e  element a r rays  a s  shown i n  
Figure 4-17. The model w i l l  be loaded by incrementally decreasing Rs t o  a 
Layer Thickness 
Figure 4-17- F i n i t e  Element Layer: Double Fold 
f i n a l  value of R f ,  t o  be input  by the  user .  A t  each load increment, t h e  
maximum equivalent  p l a s t i c  s t r a i n  w i l l  be computed and used i n  f a t i g u e  
l i f e  predic t ions  a s  out l ined f o r  the  s i n g l e  fo ld .  
1V.2 Double Fold Tes t s :  Task 3.2 
IV.2.1 Casting a Double Fold 
Some simple q u a l i t a t i v e  experiments were performed i n  order  t o  ga in  
some i n s i g h t  i n t o  t h e  na tu re  of t h e  double f o l d .  These experiments con- 
s i s t e d  of c a s t i n g  a doubly folded shee t  of 118" t h i c k  polyethylene o r  
t e f l o n  i n  epoxy p o t t i n g  r e s i n .  Af ter  cur ing ,  t h e  r e s u l t i n g  specimen was 
cut  i n  order  t o  expose t h e  i n s i d e  primary r ad ius  of t h e  double f o l d .  I n  
some specimens, t h e  doubly folded shee t  was coated wi th  a mold r e l e a s e  
compound. Then t h e  shee t  was c u t  away from t h e  epoxy and t h e  epoxy cas t -  
ing ,  showing t h e  curvatures  i n s i d e  t h e  double f o l d ,  was saved. I n  a l l  
such samples, t h e  i n s i d e  primary r ad ius  was d r iven  down t o  nea r ly  zero.  
Photographs of some of t h e  examples a r e  shown below. 
Figure 4-18 - Cast Double f o l d  
Figure 4-18 shows a polyethylene shee t  which was etched before  cas t -  
i ng  i n  order  t o  make t h e  shee t  adhere t o  t h e  epoxy cas t ing  r e s i n .  The 
i n s i d e  (primary) r ad ius  was exposed by s l i c i n g  t h e  c a s t i n g  i n  t h e  region  
where t h e  ou t s ide  (secondary) r ad ius  was very small .  A s  can be  seen i n  
t h e  photograph, t h e  i n s i d e  r ad ius  is  e s s e n t i a l l y  zero.  
Figure 4-19 - Casting of Ins ide  of Double Fold 
Figure 4--19 shows the  s o l i d  epoxy cas t ing  of the  i n s i d e  por t ion  
of the  double fo ld .  A t e f l o n  shee t  coated wi th  mold r e l e a s e  was used t o  
ob ta in  t h i s  cas t ing .  The shee t  was cu t  away a f t e r  t h e  epoxy had cured,  
reveal ing  t h e  i n s i d e  radius .  This  r ad ius  was s o  small  t h a t  t h e  cas t ing  
r e s i n  d i d  not  flow i n t o  t h i s  region,  a s  can be seen  i n  Figure 4-19. 
IV.2.2 Double Fold Fatipue Tester  
A device f o r  repeatedly fo lding and unfolding a double f o l d  was de- 
signed by M r .  J. P. O f N e i l l .  However, the  device was never a c t u a l l y  
constructed. I n  t h i s  sec t ion ,  some of t h e  d e t a i l s  of t h e  double f o l d e r  
a r e  presented, i n  case fu tu re  s t u d i e s  ind ica te  a renewed i n t e r e s t  i n  ob- 
ta in ing f a t i g u e  l i f e  of double fo lds  by test. 
The sequence of forming a double f o l d ,  i f  i t  i s  t o  be repeatable  a t  
the  same t o r t u r e  point  on the  shee t ,  is  a s  follows: 
a .  Form a s i n g l e  fo ld  and hold t h e  center  po in t  of t h e  two edges 
i n  a repeatable juxtaposi t ion  (or  c lose  separa t ion t o  allow f o r  
clamping f i x t u r e s ) ;  
b e  A blade i s  extended along t h e  l i n e  of t h e  i n s i d e  of t h e  double 
f o l d  but  should be kept  away from t h e  sharp double fo ld  t o r t u r e  
point  ; 
0 
c. Bend t h e  s i n g l e  fo ld  around t h e  blade by means of hinged p l a t e s  
t h a t  r o t a t e  u n t i l  p a r a l l e l  wi th  each o the r  and separated by 
var ious  amounts g rea te r  than 4 t .  
Although the  minimum spacing f o r  p a r a l l e l  jaws compressing a double fo ld  
i s  4 t ,  t h i s  compression is  probably more severe than t h a t  encountered i n  
expulsion systems. Also, it  is noted t h a t  t h e  s t r a i n  a t  a double fo ld  
increases  rapidly  on s t a r t i n g  t h e  second f o l d ,  and increas ing amounts of 
compression t h e r e a f t e r  does not  s i g n i f i c a n t l y  change the  maximum s t r a i n .  
Compression t o  about 8 t  i s  expected t o  be s u f f i c i e n t ,  a s  t h i s  w i l l  allow 
the  blade t o  remain i n s i d e  t h e  fo ld .  
The double fo ld ,  low cycle f a t i g u e  machine requ i res  a s t r u c t u r e  a s  
shown i n  Figures 4-20 and 4-21, and requ i res  power f o r  a sequence of 
operat ions.  
Blade f o r  F i r s t  Fold 
Ro ta t i on  Center 
Connection t o  Outboard 
Bearings About Rota t ion  
Center f o r  First Fold 
-------- 
Folding P l a t e  f o r  
Second Fold 
. 
Figure 4-20: Double Fold Fa t igue  Machine 
(F l a t  Specimen Pos i t i on )  
for 
of B l  
Figure 4-21: Double Fold Fatigue Machine 
(First Fold Position) 
IV.3 TASK 3.3: Compare Theory and Experiments 
The simple experiments described i n  Sections IV.0 and IV.2.2.did 
point  out  some weaknesses i n  t h e  a n a l y t i c a l  approach t o  t h e  double fo ld .  
The formation of a s i n g l e  fo ld  is characterized by a r e l a t i v e l y  smooth 
load-deflect ion behavior. However, t h e  second f o l d  of the  double fo ld  
exh ib i t s  a buckling behavior as the  bending load is  increased.  Further- 
more, t h i s  buckling i s  not  axisymmetric i n  na tu re ,  and would n o t ,  there-  
f o r e ,  be  detected by the  axisymmetric f i n i t e  element model. Given 
s u f f i c i e n t  t i m e ,  t h e  axisymmetric model could be modified by expanding a l l  
unknowns i n  a power' s e r i e s  i n  8 ,  adding g rea t ly  t o  t h e  complexity and 
magnitude of the  ana lys i s .  Since such an a n a l y t i c a l  e f f o r t  was beyond the  
scope of t h i s  p ro jec t ,  and s ince  t h e  double f o l d  model of Section IV.1.3.5 
is  capable of s imulat ing very small  inner  r a d i i  accura te ly ,  t h e  double 
fo ld  ana lys i s  a s  presented i n  Section I V .  1 .3 - 5  w i l l  be used here in .  
IV.4 TASK 3.4: Traveling Double Fold 
The r o l l i n g  double fo ld  represents  t h e  most severe  s i t u a t i o n  analyzed 
i n  t h i s  p ro jec t .  The analys is  i s  quas i - s t a t i c  i n  nature ,  t h a t  is ,  the  fo ld  
is formed and r o l l e d  slowly so  t h a t  i n e r t i a  e f f e c t s  need not  be included 
i n  the  analys is .  The complete double fo ld  is formed f i r s t  using the  
axisymmetric f i n i t e  element model and reducing the  secondary f o l d  radius 
t o  a small  value. The computer program then in te r rup ted  and t h e  r e s u l t i n g  
information is s tored on tape  o r  disk.  The double fo ld  i s  then "rolled" 
by moving one f r e e  edge r e l a t i v e  t o  the  o ther ,  as  shown i n  Fig. 3-27. 
The following f i n i t e  element double f o l d  model was se lec ted  t o  inves- 
t i g a t e  t h e  f e a s i b i l i t y  of a r o l l i n g  double fo ld  ana lys i s .  One l ayer  of 
f i n i t e  elements w e r e  arranged a s  shown i n  Fig. 4-17, and a t o t a l  of twenty- 
four elements w e r e  used. The model thus had one hundred f i f t h  degrees-of- 
freedom. Other input  q u a n t i t i e s  were: 
R = 0.2" 
P 
Rs = 1.0" ( i n i t i a l l y )  
Rs = 0.1" ( f i n a l )  
E = 33 KSI 
P 
= 0*9159 ( fo r  f a t i g u e  l i f e )  
Z = 0.5147 
The model was loaded by changing t h e  secondary rad ius  from 1.0" t o  0.117" 
(close t o  t h e  0.1" des i red)  i n  twenty s t eps .  A t  t h i s  time, t h e  maximum 
equivalent  p l a s t i c  s t r a i n  was 87.39%, giving a f a t i g u e  l i f e  of only one 
cycle! A t  t h i s  po in t ,  a da ta  dump was taken, and t h i s  information was 
s tored on d i s c ,  The program was next r e s t a r t e d ,  and a t o t a l  load of 20 
KSI was applied t o  t h e  outer  edge, i n  the  negative Z d i r e c t i o n ,  i n  t en  equal 
increments. A£ ter this "rolling" simulation, the maximum equivalent plastic 
strain has risen to 93.5%. Thus a considerable increase in straining was 
achieved by rolling the double fold. The cross-sectional shapes after 
twenty load steps and thirty steps are shown in Fig. 4-22. This problem 
consumed slightly over three minutes of C1)C 6500 computer time. 
The above example demonstrates that the co~puter program developed 
during the. course of this investigation is capable of modeling rolling 
double folds. This is a very difficult mathematical problem, due to the 
following types of nonlinearities: large deflections and strains; plasti- 
city; loading; boundary conditions. 
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(b) Rolled Double Fold (30 s t e p s )  
Figure 4-22: Roll ing Double Fold 
IV.5 TASK 3.5: Fatigue L i f e  of Double Folds 
A number of d i f f e r e n t  double fo ld  geometries were considered ' in  
order t o  i d e n t i f y  t h a t  configurat ion which b e s t  simulated t h e  double f o l d  
behavior. The des i rab le  behavior is  t h a t  t h e  l a r g e s t  p l a s t i c  s t r a i n s  
should occur a t  t h e  region near t h e  center  of the  fo ld .  However, i f  t h e  
r a t i o  R s / t  was se lec ted  a s  being l a rge  (100, e.g.) then t h e  inner  and 
outer  sec t ions  of the  model away from t h e  sharp crease  were h ighes t  
s t r a ined ,  s i n c e  these  surfaces  were furthermost from the  n e u t r a l  surface .  
Also, the  f l a t t e n i n g  pressure,  P of Fig. 4-1, d id  not  develop due t o  the  
v 
l a rge  value of Rs. Likewise, a small R / t  r a t i o  (1, e.g.) did not  
P 
simulate t h e  geometry accurately.  The bes t  model developed was one i n  
which R S / t  = 50 and R /t = 10. 
P 
I n  order t o  i l l u s t r a t e  t h e  use of the  ana lys i s  t o  p red ic t  p l a s t i c  
s t r a i n s  i n  double fo lds ,  two example problems were solved. One model was 
constructed of t e f lon ,  with f a t i g u e  proper t ies  given i n  Table 3-5, and 
f o r  which E = 7 KSI, p = 0.35, Ep = 0 ,  and oy = 2 KSI. The bladder 
thickness was taken a s  t = 0.02", and t h e  model was loaded by changing 
the  secondary radius of curvature/ thickness r a t i o  from 50 t o  6.1 i n  
twenty s t eps .  A t  t h i s  po in t ,  an equivalent  p l a s t i c  s t r a i n  of only 18.89% 
had developed, giving a very l a r g e  fa t igue  l i f e .  The computer ana lys i s  
consumed 143 seconds. 
The second example was an aluminum bladder having the  same geometry 
a s  the  above example, but  with E = 200 KSI, p = 0.33, Ep = 33 KSI, 
ay = 10 KSI. The f a t i g u e  d a t a  i s  given i n  Table 3-5. Loading changed 
R s / t  from 50 t o  5.9 i n  20 s t eps .  The maximum equivalent  p l a s t i c  s t r a i n  
was 87.39%, giving a f a t i g u e  l i f e  of only one cycle. The run took 142 
seconds . 
The two examples presented above exhibited widely d i f f e r e n t  behavior, 
i n  t h a t  one f a i l e d  i n  the  f i r s t  cycle (aluminum), whereas t h e  t e f l o n  
bladder e s s e n t i a l l y  d id  not f a i l .  Composite bladders could l ikewise be 
inves t igated  i n  order t o  maximize fa t igue  l i f e  while s a t i s f y i n g  other  
sys tem cons t ra in t s .  
It should be noted here in  tha t  t h e  i t e r a t i v e  correc t ion does not  
work e f f i c i e n t l y  f o r  the  double fo ld  analys is .  For t h i s  reason, small 
s t e p  s i z e s  should be taken t o  preserve so lu t ion  accuracy. I n  t h e  above 
examples, twenty equal s t eps  were taken t o  change the  secondary radius  
from Rs = 1.0" t o  Rs = 0.1". 
V.0 CONCLUSIONS, RECOMMENDATIONS AND REFERENCES 
A computer program has been prepared which w i l l  p red ic t  p l a s t i c  
folding s t r a i n s  i n  s i n g l e  and double fo lds  of laminated expulsion bladders. 
From these s t r a i n s  and un iax ia l  f a t igue  data ,  the  expected f a t i g u e  l i f e  
of such bladders can be computed. The s t r a i n s  a r e  calculated using a 
f i n i t e  element model (plane s t r a i n  f o r  s i n g l e  fo ld  and axisymmetric f o r  
double fo ld )  which employs a s i x  nodal point  t r i angu la r  element a s  the  
bas ic  bui ld ing block. I n  addit ion,  a  time-share computer program has 
been coded which performs a s impl i f ied  s t r a i n  analys is  of s i n g l e  fo lds .  
Fatigue information on bladder mater ia ls  has been compiled f o r  use  with 
the s t r a i n  analys is .  F ina l ly ,  experiments have been used t o  v e r i f y  the  
predic t ions  of the  programs and a l so  t o  guide the  analysis .  
Future work t o  update the  f i n i t e  element code would include the  
following: allow the  s ides  of the  elements t o  curve as  discussed i n  
Section 111.5.8.3; include higher order terms i n  t h e  b a s i c  incremental 
v a r i a t i o n a l  p r inc ip le ,  Section 111.5.2; introduce cos n0 v a r i a t i o n  i n t o  
the axisymmetric f i n i t e  element model of the  double fo ld ,  Section I V . 1 ;  
obta in  a more represen ta t ive  c o n s t i t u t i v e  law f o r  l a r g e  p l a s t i c  s t r a i n s ;  
include a Ramsberg-Osgood type s t r e s s - s t r a i n  approximation as  wel l  a s  the 
b i - l inear  approximation; include higher order terms i n  the  s t r e s s  trans-  
formation of Section 111.5.2; devise an e f f i c i e n t  equilibrium check and 
i t e r a t i o n  f o r  the  double fo ld  model. 
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